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Abstract 

CN , An ergodic study of Painleve VI is developed. The chaotic nature of its Poincare return 

map is established for almost all loops. The exponential growth of the numbers of periodic 

^^ • solutions is also shown. Principal ingredients of the arguments are a moduli-theoretical 

■^ . formulation of Painleve VI, a Riemann-Hilbert correspondence, the dynamical system of 

^ I a birational map on a cubic surface, and the Lefschetz fixed point formula. 

1 Introduction 

Painleve equations have been investigated actively in recent years. However most researches 



> 



CS l have been done from the viewpoint of integrable systems and little attention has been paid to 
the ergodic and chaotic aspects of their dynamics. In this paper we develop an ergodic study 
T^ of the sixth Painleve equation Pvi(k) and explore the chaotic behavior of its global dynamics, 
O . namely, that of its Poincare return map. The aim of this paper is to show that the Poincare 
Q . return map is chaotic along almost all loops in the space of independent variable 






Z = pi-{0, l,oo}. 



The exponential growth of the number of periodic solutions along those loops is also established. 
The sixth Painleve equation Pvi(k) is a Hamiltonian system of differential equations 

Vh I dq dH{K) dp dH{K) . . 

■ " " ' dz dp ' dz dq ^ 

with an independent variable z ^ Z and unknown functions q = q{z) and p = p{z), depending 
on complex parameters k = {kq, ki, K2, ^3, ^4) in a 4-dimensional affine space 

IC := {k= {kq, Ki, K2, K3, K4) e C^ : 2fi;o + Ki + K2 + K3 + k^ = I}, (2) 
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where the Hamiltonian H{k) = H{q,p, z; k) is given by 

z{z - 1)H{k) = {qoqiqz)p^ - {t^iqiqz + {1^2 - ^)qoqi + ^sqoqzjp + f^oif^o + fi4)qz, 

with q^ = q — u for u G {0, 1, z}. More intrinsically, Pvi(/t) can be formulated as a holomorphic 
uniform foliation on a fibration of certain smooth quasi-projective rational surfaces 

TT, : M{k) ^ Z, (3) 

which is transversal to each fiber of the fibration. Equation (^ is just a coordinate expression 
of the foliation in terms of a natural coordinate system on an afiine open subset of the phase 
space M{k,). See [H UHl HZl I2HI EOl Ell ^^ various construction of the space M{k,). Especially 
the papers [121 HZI give a comprehensive description of it as a moduli space of stable parabolic 
connections. The fiber Mz{k) over z & Z is called the space of initial conditions at time z. 

Since the foliation is uniform (Painleve property), each loop 7 G 7Ti{Z,z) admits global 
horizontal lifts along the foliation and induces an automorphism 7* : Mz{k) -^ Mz{k,), called 
the holonomy or the Poincare return map along the loop 7. Then the global structure of the 
foliation is described by the holonomy representation 

FSziK) : ni{Z,z)^AntMziK), 7^7*- (4) 

which is referred to as the Poincare section of the Painleve dynamical system Pvi(k). Here and 
hereafter a loop means the homotopy class of a loop without further comment. 

In this paper we are interested in the dynamics of the Poincare return map 7* : Mz{k) O for 
each individual loop 7 G 7ri(Z, z). One of our main results will state that 7* always exhibits a 
chaotic behavior as long as 7 is a non-elementary loop (see Theorem 12.11) . where the adjective 
"chaotic" and the words "non-elementary loop" are used in the following senses. 

Definition 1.1 The dynamical system of a holomorphic map f : S ^ S on a, complex surface 
5* (in our case, S = Mz{k) and / = 7*) is said to be chaotic if there exists an /-invariant Borel 
probability measure fi on S such that the following conditions are satisfied: 

(CI) / has a positive entropy h^{f) > with respect to the measure fi. 

(C2) / is mixing with respect to the measure fi, that is, fi{f~^{A)nB) -^ fi{A)fi{B) as n —>■ 00 
for any Borel subsets A and B of 5*. In particular, / is ergodic with respect to fi. 

(C3) /i is a hyperbolic measure of saddle type, that is, the two Lyapunov exponents L±{f) of 
/ with respect to the ergodic measure /i satisfy L_{f) < < L^{f). Moreover, /i has 
product structure with respect to local stable and unstable manifolds. 

(C4) hyperbolic periodic points of / are dense in the support of /i. 

For the basic terminology used here, we refer to the standard textbooks [211 IS2I on dynamical 
systems and ergodic theory. While there are many possible definitions of a chaotic dynamical 
system [6J, the definition adopted here is a typical one possessing the three ingredients usually 
required for a "chaos": (i) unpredictability, that is, the sensitive dependence on initial values 
represented by conditions (CI) and (C3); (ii) indecomposability, that is, ergodicity or a related 
property as in (C2); (iii) an element of regularity, that is, the existence of periodic points which 




Figure 1: Three basic loops inZ = P^ — {0,l,oo} 



are dense in a dynamically interesting subset as in (C4). We also remark that conditions (C2) 
and (C3) imply that the dynamical system / with invariant measure /i is Bernoulli, namely, it 
is measurably conjugate to a Bernoulli shift pilj . 

Next we explain what we mean by the words "non-elementary loop". Treating the three 
fixed singular points 0, 1, oo of Pvi(«^) symmetrically, we put 



^1 = 0, 



Z2 



^3 



OO. 



For each i G {1, 2, 3} with {i, j, fc} = {1, 2, 3}, let 7i G 7ri(Z, z) be a loop surrounding the points 
Zi once anti-clockwise, leaving the remaining points Zj and z^ outside, as in Figure ^ Then the 
fundamental group vri(Z, z) is generated by 71, 72, 73, having a defining relation 



7i7273 = 1- 



(5) 



Definition 1.2 A loop 7 G 7Ci{Z,z) is said to be elementary if 7 is conjugate to the loop 7J" 
for some i G {1, 2, 3} and ?7i G Z. Otherwise, 7 is said to be non-elementary. 

The second issue to be discussed in this paper is the number of periodic solutions to Pvi(k). 
Given a loop 7 G 7Ti{Z,z) and a positive integer A^ G N, we are interested in the number of 
periodic solutions to Pvi(fi;) of period N along the loop 7. To be more precise, we wish to count 
the number of all initial conditions at time z that come back to the original positions after the 
iV-th iterate of the Poincare return map along 7, namely, the cardinality of the set 



Per^(7; n) = {Q E M,{k) : ^^ Q = Q} 



(6) 



It will be shown that for any non-elementary loop 7, the cardinality is finite for every period 
A^ G N and grows exponentially as the period A^ tends to infinity (see Theorem 12. 2|) . We shall 




Figure 2: Dynkin diagram of type D^ 

also give an algorithm to count the number exactly as well as to determine its exponential 
growth rate explicitly (see Theorem 12. Sj) . The logarithm of this rate will give the entropy of the 
Poincare return map 7*. Recently several authors jH 13 IHl CHI CH EHl EHj have been interested 
in finding algebraic solutions, which must have only finitely many branches under the analytic 
continuations along all loops in Z. On the other hand, in this article we will be concerned with 
those solutions which are finitely many-valued along a fixed single loop. 

Painleve equations and dynamical systems on complex manifolds are two subjects of mathe- 
matics which have attracted much attention in recent years. In this paper we shall demonstrate 
a substantial interplay between them by presenting a fruitful application to the former sub- 
ject of the latter. On the former side, algebraic geometry of Painleve equations, especially a 
moduli-theoretical formulation of Painleve dynamical systems |161 ITTj is an essential ingredient 
of our discussion. On the latter side, recent advances in complex surface dynamics, especially 
some deep ergodic studies of birational maps of complex surfaces J2l El HDj are another basis 
of our analysis. These two stuffs are combined fruitfully via a Riemann-Hilbert correspondence 
to reveal the chaotic nature of the sixth Painleve dynamics. 

2 Main Results 

Let us describe our main results in more detail. In this paper we make a certain generic 
assumption on the parameters k E IC to avoid a technical difficulty (see Remark 12.111) . To this 
end we recall an affine Weyl group structure of the parameter space /C [121 1201 • ^^ view of 
formula ^, the affine space /C can be identified with the linear space C^ by the isomorphism 

/C ^ C^, K= {kq, Ki, K2, K3, K4) h-* (ki, K2, K3, ^4), 

where the latter space C^ is equipped with the standard (complex) Euclidean inner product. 
For each i G {0, 1, 2, 3, 4}, let Wj : /C — i> /C be the orthogonal reflection having {k E }C : Kj = 0} 
as its reflecting hyperplane with respect to the inner product mentioned above. Then the group 
generated by Wq, Wi, W2, Ws, W4 is an affine Weyl group of type D^^ \ 

W{D^4^) = {wo,Wi,W2,W3,W4) r\IC. 

corresponding to the Dynkin diagram in Figure |21 The reflecting hyperplanes of all reflections 
in the group W{D[ ) are given by affine linear relations 

Ki = m, /ti ± /t2 ± /t3 ± K4 = 2771 +1 {i E {1, 2, 3, 4}, ?ti G Z), 





Figure 3: An eight-loop (left) and a Pochhammer loop (right) 

where the signs ± may be chosen arbitrarily. Let Wall be the union of all these hyperplanes. 
Then the generic condition to be imposed on parameters is that k should lie outside Wall; this 
is a necessary and sufficient condition for Pvi(k) to admit no Riccati solutions |16j . 

The first main theorem of this paper is concerned with the chaotic behavior of Pvi(/t)- 

Theorem 2.1 Assume that k G /C — Wall. For any non- elementary loop 7 G 7Ci{Z,z), the 
Poincare return map 7* : Mz{k) O along the loop 7 is chaotic, that is, there exists a '-y^, -invariant 
Borel probability measure fij such that the conditions of Definition \l.l\ are satisfied. Moreover 
there exists an algorithm to calculate the entropy ^1(7) := /i^^(7*) of the map 7^, with respect to 
the measure /x-y in terms of a reduced word for the loop 7 {see Theorem[ 



The second main theorem is about the periodic solutions to Pvi(/t) along a given loop. 

Theorem 2.2 Assume that k G /C — Wall. For any non- elementary loop 7 G tti{Z,z), the 
cardinality of the set Perjv(7; k) is finite for every period N &N and grows exponentially as N 
tends to infinity. There is an algorithm to count the cardinality exactly as well as to determine 
its exponential growth rate in terms of a reduced word for the loop 7 {see Theorem \2.^ . 

Example 2.3 We illustrate Theorems 12.11 and 12.21 bv presenting two examples. 

(1) An eight-loop is a loop conjugate to 7i7^^ for some indices {i, j, k} = {1, 2, 3} as in Figure 
El (left). For an eight-loop 7 we have 

/i(7) = log(3 + 2^2), # Per^(7; k) = {3 + 2^2)^ + (3 + 2^2)"^ + 4. 

(2) A Pochhammer loop is a loop conjugate to the commutator [7j,7j~^] = lilj^li^lj for 
some indices {i, j, k} = {1, 2, 3} as in Figure 01 (right). For a Pochhammer loop p we have 

h{p) = log(9 + 4^5), # Per^(p; k) = {9 + 4^5)^ + (9 + 4^5)"^ + 4. 

As is mentioned in Theorems 12.11 and 12. 2[ there are algorithms to calculate the entropy 
and to count the number of periodic solutions exactly. In order to describe them we need 
some preparations concerning reduced words for representing loops in terms of the standard 
generators 71, 72, 73- 

Definition 2.4 For any nontrivial loop 7 G iti{Z,z), there exists an expression 

7 = 7?^7S^---7:r> (7) 



with some positive number m E N, some indices {ii, . . . ,im) € {1,2,3}™" and some signs 
(^i^, . . . ,ej„) G {il}"*. Such an expression is not unique and its length m may be reduced 
by using the relation ©. The expression (jZj) is said to be reduced if its length m is minimal 
among all feasible expressions. The length £^j (7) of the loop 7 is defined to be the length m of 
a reduced expression ((7j) for 7. By convention the length of the trivial loop is zero. 

Remark 2.5 At this stage we should notice that relevant to our discussion is not a loop itself 
but the conjugacy class of a loop. Indeed, if two loops 7 and 7' are conjugate to each other, say, 
7' = 6'j6~^ for some loop 6, then the corresponding Poincare return maps are also conjugate 
to each other as •y^ = 5*7^.5"^, and hence have the same dynamical properties. If fi-y is a 
7^,-invariant measure asserted in Theorem 12.11 then the push-forward fiy = ((5*)*/i^ of the 
measure /x^ by the map 5* is a desired invariant measure for 7^. As for the sets of periodic 
points, the loop 6 induces a bijection 6^, : Per7v(7; k) — > Per7v(7'; /t) and hence an equality 
#Per7v(7; n) = #PerAr(7'; k). So what is relevant is only the conjugacy class of a loop. 

This remark leads us to the following definition. 

Definition 2.6 A loop 7 G 7ri(Z, z) is said to be minimal if it has the minimal length among 
all loops conjugate to 7, namely, if i-Kii'^) = min{ ^771(7') : 7' G 7ri(Z, z) is conjugate to 7 }. 

In what follows we may and shall consider minimal loops only by replacing a given loop with 
a minimal representative for the conjugacy class of the loop, if it is not a minimal loop. 

In order to give the algorithm, we shall identify tti{Z, z) with an index-two subgroup of the 
universal Coxeter group of rank three, that is, the free product of three copies of Z/2Z, 

G = ( CTi, ^2, as I CTi = CT^ = (T^ = 1 ) ~ (Z/2Z) * (Z/2Z) * (Z/2Z). 

Any element a E G other than the unit element is uniquely represented in the form 

a = a,^ai.^---ai^, (8) 

for some n G N and some n-tuple of indices {ii, . . . ,in) G {1, 2, 3}" such that every neighboring 
indices v and v+i are distinct. The expression (jHl) is called the reduced expression of a and 
the number £0(0') = n is called the length of a, where the unit element is of length zero by 
convention. An element of even length is called an even element. Let G{2) be the subgroup of 
all even elements in G. Then there exists an isomorphism of groups 

7ri{Z,z)^G{2) (9) 

sending the basic loops and their inverses as 

7i ^ 0-1(72, 72 t-> cr2a3, 73 f-> a-^ai, 

7f ^ ^ <T2Cri, 72^^ ^ 0-30-2, 73"^ t-> 0-10^3. 

Given an expression ((2|) of a loop 7 G tti{Z, z), make the replacement of alphabets 

according to the rule (|Tn|l . If the expression is reduced in 7ii{Z, z), then the resulting word 
is also reduced in G. In particular the reduced expression (jTj) is unique for a given loop 7 and 
one has £0(0^) = 2£^j(7), where a G ^(2) is the element corresponding to the loop 7. 
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Recall that any Coxeter group admits its geometric representation [TSj. We apply this 
construction to our particular group G. Let V be the 3-dimensional vector space spanned by 
basis vectors ei, 62, 63, endowed with a nondegenerate symmetric bilinear form 



1 {z = j 



S e.,e. = <^ . , 11 



I -1 («7^J)- 

For each i G {1,2, 3} we can define an orthogonal refiection ri : V —^ V hj the rule 

ri{v):=v-2B{ei,v)e, (vEV). (12) 

Note that r, sends e, to its negative — Cj while fixing all the vectors orthogonal to Cj relative to the 
bilinear form B. It is known that there is a unique injective homomorphism GR : G — > Ob{V) 
such that GR(crj) = r, for i G {1, 2, 3}, where Osiy) is the group of orthogonal transformations 
on (y,B). Identified with its image GR(G), the group G can be thought of as a refiection 
group acting on {V,B). The faithful representation GR : G -^ Ob{V) is called the geometric 
representation of G. For each i G {1, 2, 3} we define an endomorphism Si : V ^ V hj 

s,{v):=^-^^ = v-B{e,,v)e, {v eV), (13) 

and make the following definition. 

Definition 2.7 Given a loop 7 G tti{Z,z), choose a minimal representative for the conjugacy 
class of 7 and call it 7 again. Take the reduced expression of 7 as in ((7j) . Make the change of 
alphabets {7^*^^, 7^^, 73^^} -^ {(^i, cr2, as} according to the rule |T0|) to obtain the corresponding 
element a G G{2), together with its reduced expression as in (jHl). To the indices (ii, . . . ,in) in 
(jHl), associate an endomorphism s^ := Si„ ■ ■ ■ Si^Si-^ G End y. Finally, take its trace 

a{-f) = TT[s^:V ^V]. (14) 

We are now in a position to give the algorithm to calculate the entropy and to count the 
number of periodic points, which complete the statements of Theorems 12.11 and 12.21 

Theorem 2.8 Assume that k G /C — Wall and let 7 G 7ii{Z,z) be any non- elementary loop. 
Then the number 0(7) defined in ( |J^D is an even integer not smaller than 6, with the equality 
a{'j) = Q if and only if 'j is an eight-loop as in Example VAJA Put 

Kl) ■■= \ {«(7) + V«(7)2-4} . (15) 

(1) The measure-theoretic entropy h{'~f) := h^^{'-)^) of the Poincare return map 7^ : Mz{k) O 
with respect to the invariant measure yU^ mentioned in Theorem \2.1\ is given by 

Kl) = logA(7)- 

(2) The cardinality of the set Perjv(7; k) is given by 

#Per;v(7; ^^) = Klf + ^(7)-"^ + 4 {N en). 
In particular its exponential growth rate is given by A(7). 



Remark 2.9 Theorem 12.81 implies that for any non-elementary loop 7 G 7ri(Z, 2;), we have 

A(7)> 3 + 2^2, /i(7) >log(3 + 2y2), 

with the equalities if and only if 7 is an eight-loop. In this sense the eight-loops are the most 
"elementary" loops among all non-elementary loops in Z . On the other hand, one may ask 
what happens with the Poincare return map 7^, : M^(k) O when the loop 7 is elementary. In 
this case it turns out that 7^, preserves a certain analytic fibration Mz{k) — »• C and exhibits an 
essentially 1-dimensional dynamical behavior. Hence 7=,, is not so interesting or too elementary 
from the standpoint of chaotic dynamical systems. See Remark 110.31 for more information. 

Remark 2.10 There exists a standard complex area form lOzi^K) on Mz{k,) such that the 
Poincare return map 7* is area-preserving for every loop 7 G tti{Z,z), where we refer to Re- 
mark EiU for the description of uJz{k,)- Hence the Lyapunov exponents L±{'-f) of 7* satisfy 
the relation L_{'-f) = — L_|_(7). Moreover the positive Lyapunov exponent admits an estimate 
L+i'j) > I log A(7). We refer to Remark |l 0.31 for the derivation of this estimate. 

Remark 2.11 In this article we restrict our attention to the generic case /t G /C — Wall only, 
leaving the nongeneric case k G Wall untouched. The difference between the generic case 
and the nongeneric case lies in the fact that the Riemann-Hilbert correspondence to be used 
in the proof becomes a biholomorphism in the former case, while it gives an analytic minimal 
resolution of Klein singularities in the latter case (see Remark l4.2j) . The presence of singularities 
would make the treatment of the nongeneric case more complicated. However it is expected 
that the basic strategy developed in this article will be effective also in the nongeneric case. 
The relevant discussion will be made elsewhere. 

The plan of this article is as follows: Pvi(k) is formulated as a flow, Painleve How, on a 
moduli space of stable parabolic connections in ^ It is conjugated to an isomonodromic flow 
on a moduli space of monodromy representations via a Riemann-Hilbert correspondence in 21 
The moduli space of monodromy representations is identified with an afiine cubic surface and 
each Poincare return map for Pvi(k) is conjugated to a biregular automorphism of the afiine 
cubic in ^ This map is extended to a birational map on the compactified projective cubic 
surface and some basic properties of it are studied in ^Hl The induced cohomological action of 
the birational map is investigated in ^ After these preliminaries, the ergodic properties of our 
dynamical system are established by applying some recent deep results from birational surface 
dynamics in ^ Moreover the number of periodic points of the birational map is counted by 
using the Lefschetz fixed point formula in ^ Then, back to the original phase space of Pvi(k) 
in ^lOf we arrive at our final goals, that is, at the ergodic properties of the Poincare return map 
and the exact number of periodic solutions to Pvilfi^) of any period along a given loop. 

3 Moduli Space of Stable Parabolic Connections 

In order to describe the fibration 0, we first construct an auxiliary fibration Tr^ : A4{k,) -^ T 
over the configuration space of mutually distinct, ordered, three points in C, 

T = {t=(ti,t2,t3)GC=^ : ti^t, fort ^j}, 

and then reduce it to the original fibration Q. We put the fourth point t^ at infinity. Given 
any (t, k) G T x /C, a (t, K)-parabolic connection is a quadruple Q = {E, V, ip, I) such that 
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singularities 


h 


t2 


t3 


u 


first exponent 


-Ai 


-\2 


-A3 


-A4 


second exponent 


Ai 


A2 


A3 


A4- 1 


difference 


Ki 


/«2 


/«3 


K4 



Table 1: Riemann scheme: Kj is the difference of the second exponent from the first. 

(1) £■ is a rank 2 algebraic vector bundle of degree —1 over P^, 

(2) V : E -^ E ® fipi {Dt) is a Fuchsian connection with pole divisor Dt = ti + t2 + H + t^ 
and Riemann scheme as in Tabled where ^4 = cxo as mentioned above, 

(3) tp : det E —>■ (9pi(— ^4) is a horizontal isomorphism called a determinantal structure, where 
Cpi(— ^4) is equipped with the connection induced from d : Opi — >■ Opi, 

(4) / = (/i, I2, I3, I4) is a parabolic structure, namely, /, is an eigenline of Res^. (V) G End{Et.) 
corresponding to eigenvalue Aj (whose minus is the first exponent — Aj in Table Q). 

There exists a concept of stability for parabolic connections, with which the geometric invariant 
theory [2Zj can be worked out to establish the following theorem |1()[ IT7j . 

Theorem 3.1 For any (t, k) G T x /C there exists a fine moduli scheme Ait{n) of stable 
{t, n) -parabolic connections. The moduli space M.t{i^) is a smooth, irreducible, quasi-projective 
surface. As a relative setting over T, for any k E IC, there exists a family of moduli spaces 

n^:MiK)^T (16) 

such that the projection vr^ is a smooth morphism having fiber Ait{i^) over t ^ T. 

In pT)|IT7j the moduli space A^((/t) is compactified into a moduli space of stable parabolic 
phi-connections. Given any (t, k) G T x /C, a parabolic phi-connection is roughly speaking a 
sextuple of data Q = {Ei, E2, 0, V, ip, I) consisting of 

(1) a variant of connection V : -Ei — > -E2 ® f2pi(Di) over rank 2, degree —1 bundles on F^, 

(2) an Opi-homomorphism (f) : Ei —^ E2 (called a phi-operator) ., which may be degenerate or 
non-isomorphic, satisfying a generalized Leibniz rule 

V(/s) = 0(s) ®df + fV{s), (s eE^,fe Opi), 

(3) extra data of a determinantal structure tp and a parabolic structure I. 

We refer to P^ ITT] for the complete definition. Very roughly the idea of compactification is as 
follows: If a parabolic connection is regarded as a "matrix- valued Schrodinger operator" , then 
a parabolic phi-connection may be thought of as a matrix-valued Schrodinger operator with a 
"matrix-valued Planck constant" which may be degenerate, namely, may be semi-classical. 
Then the moduli space Ait{i^) can be compactified by adding some semi-classical objects, that 
is, some parabolic phi-connections with degenerate phi-operator 0. 

There exists a concept of stabihty for parabolic phi-connections, with which geometric 
invariant theory can be worked out to establish the following theorem [TB| ll7j. 
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Theorem 3.2 For any {t,K,) G T x /C there exists a coarse moduli scheme Ait{i^) of stable 
parabolic phi- connections. The moduli space Ait{i^) is a smooth, irreducible, projective surface, 
having a unique effective anti- canonical divisor 3^t(fi;). Under the natural embedding 

Mt{^) ^ Mt{^), {E, V, tP, I) ^ {E, E, id, V, V', /), 

the space Ait{i^) is exactly the locus of Ait{n) where the phi- operator (p is isomorphic, and so 

Mt{K) = Mt{K)-yt{K). 

The divisor ^((k) on Ait{i^) is caUed the vertical leaves at time t. There is the following 
realization of our moduli spaces [13 EI (see Figure EJ. 

Theorem 3.3 The compactified moduli space A4t{i^) is isomorphic to an 8-point blow-up of 
the Hirzebruch surface U2 -^ "^^ of degree 2, blown up at certain two points on each fiber over 
the points ti, t2, t^, t^^ G P^. The unique effective anti- canonical divisor on Ait{n) is given by 

yti^) = 2Eo + E1 + E2 + ES + E4, 

where Eq is the strict transform of the section at infinity of the fibration 172 —> P^, while Ei, 
E2, E3, E4 are the strict transforms of the fibers overti, t2, t^, t^, respectively. 

Remark 3.4 There is a meromorphic 2- form a;t(ft;) on Ait{K), holomorphic and nondegenerate 
on A4t{K), whose pole divisor is given by the vertical leaves ^((k) [lEl UH IHUl IHI] • It is unique 
up to constant multiples. This complex area form is just what we have mentioned in Remark 
12.101 A further description of the area form uJt{K) will be given in Remark |5. 11 

Now the fibration Q is defined to be the pull-back of the fibration (fT^ by an injection 

L : Z --^ T, z \-^ {0, z, 1), 

The group Aff(C) of afiine linear transformations on C acts diagonally on the configuration 
space T and the quotient space T/Aff (C) is isomorphic to Z, with the quotient map given by 

r:T^Z, t = {t^,t2M)^z=^-f^. (17) 

^3 ~ ti 

The map r yields a trivial Aff (C)-bundle structure of T over Z and the fibration (fTBjl is in turn 
the pull-back of the fibration Q by the map r. Hence we have a commutative diagram 

M{k) > M{k) 

(18) 
T > Z. 

r 

In \\{S\ ITT] the Painleve dynamical system Pvi(k) is formulated as a holomorphic uniform 
foliations on the fibration pfjj) which is compatible with the diagram (fT^ . Thus the Poincare 
section Q is reformulated as a group homomorphism 

PSi(K) : r^i{T,t)^ kntMt{K), (19) 
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Figure 4: Poincare section on the space of initial conditions 

a visual image of which is given in Figure |3J 

Let us describe the fundamental group 7ri(T, t) in terms of a braid group 0. We take a 
base point t = (ti,t2)^3) € T in such a manner that the three points lie on the real line in 
an increasing order ti < ^2 < ^3- To treat them symmetrically, we denote them by tj, tj, tk, 
where {i,j, k) is a cyclic permutation of (1, 2, 3), and think of them as cyclically ordered three 
points on the equator M = ]RU{oo}of the Riemann sphere C = C U {cxd}. Let (3i be a braid 
on three strings as in Figure El (left) along which t, and tj make a half-turn, with tj moving in 
the southern hemisphere and tj in the northern hemisphere, while t^ is kept fixed as in Figure 
ini (right). Then the braid group on three strings is the group generated by /3j, /3j, /3fc, and the 
pure braid group P3 is the normal subgroup of B^ generated by their squares /3j^, /3j, /3|, 

P, = {f3l(3l(3l)<B, = {(3,,(3j,(3u). 

The generators of i?3 satisfy relations PiPjPi = PjPiPj and Pk = PiPjPi^-, so that -B3 is generated 
by Pi and Pj only. The fundamental group 7ri(T, t) can be identified with the pure braid group 
P3. The reduction map (fT7|) induces a group homomorphism r* : P3 = 7ri(T, t) -^ 7ii{Z,z). 
It is easy to see that this homomorphism sends the three basic pure braids in P3 to the three 
basic loops in 7ri(Z, z) (see Figure Q) in such a manner that 



r. : P^ 



It 



1,2,3). 



(20) 



It is sometimes convenient to lift the Poincare section ()19j) . which makes sense for pure 
braids, to the "half-Poincare section" for ordinary braids. Now let us construct this lift. The 
symmetric group 5*3 acts on T by permuting the entries of t = (^1,^2,^3) and the quotient 
space T/S'3 is the configuration space of mutually distinct, unordered, three points in C. The 
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T 



T 





Figure 5: Basic braid /3j in T and the corresponding movement of t in C 



fundamental group tc(T/S3,s) with base point s = {ti,t2,''^3} is identified with the ordinary- 
braid group B3 and there exists a short exact sequence of groups 



MT,t) 



ni{T/S3,s) 



B. 



S, 



S, 



Then the Poincare section (|T9|l naturally lifts to a collection of isomorphisms 

l3,:Mt{K)^Mrit){r{K)), {(3eB;) 

which should be called the half-Poincare section of Pyi{k), where r G 5*3 denotes the permu- 
tation corresponding to /? G -B3. Note that r G 5*3 acts on /t G /C by permuting the entries 
of (ki, K2, K3) in the same manner as it does on t = (ti,t2,t3) G T, since Kj is loaded on tj. 
Now the permutation corresponding to the basic braid /3j is the substitution Xj = (i, j) that 
exchanges tj and tj while keeping tk fixed. Thus there are three basic half-Poincare maps: 



A, : MtiK) ^ Mr,(^t){ri{K)), {t = 1,2,3). 



(21) 



4 Riemann-Hilbert Correspondence 

It is very difficult or rather hopeless to deal with the Painleve flow directly, since it is a highly 
transcendental dynamical system on the moduli space of stable parabolic connections. A good 
idea is to recast it to a more tractable dynamical system, called an isomonodromic flow, on a 
moduli space of monodromy representations via a Riemann-Hilbert correspondence. We review 
the construction of such a Riemann-Hilbert correspondence in the sequel. 

Let A := C^ be the complex 4-space with coordinates a = (01,02,03,04), called the space 
of local monodromy data. Given (t, o) E T x A, let TZt{a) be the moduli space of Jordan 
equivalence classes of representations p : 7ri(P-'^ — Dt,*) — > SL2{C) such that Trp(Ci) = Oj 
for i G {1,2,3,4}, where the divisor Dt = ti + ^2 + ^3 + ^4 is identified with the point set 
{ti,t2,t3,t4} and Ci is a loop surrounding tj as in Figure El Any stable parabolic connection 
Q = {EjVjipJ) G -Mtif^), when restricted to P^ — Dt, induces a fiat connection 



-Dt 



■ E\ 



~Dt 



{E\i 



-Dt 



Qy i 'ml 



-Dt^ 
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Figure 6: Four loops in F^ — Df, the fourth point t^ is outside C4, invisible. 



and one can speak of the Jordan equivalence class p of its monodromy representations. Then 
the Riemann-Hilbert correspondence at t G T is defined by 

RHi,, : Mtin) -^ 7^t(a), Q ^ p, (22) 

where in view of the Riemann scheme in Table d the local monodromy data a G A is given by 

2 cosTTKj {i = 1, 2, 3), 



-2 cos 71^4 



4). 



(23) 



As a relative setting over T, let tt^ : TZ{a) —>■ T he the family of moduli spaces of monodromy 
representations with fiber TZt{a) over t E T. Then the relative version of Riemann-Hilbert 
correspondence is formulated as the commutative diagram 



M(k) 



T 



RHk 



7^(a) 



(24) 



whose fiber over t G T is given by 



Then we have the following theorem ^^1 EI ■ 



Theorem 4.1 If n G K, — Wall, then TZ(a) as well as each fiber TZt{a) is smooth and the 
Riemann-Hilbert correspondence RH^ in l\24l is a biholomorphism. 



Remark 4.2 If k G Wall, then TZt{a) is not a smooth surface but a surface with Klein singu- 
larities and (j^^ yields an analytic minimal resolution of singularities, so that ()24|) gives a family 
of resolutions of singularities. We refer to [1^ for a detailed description of these singularity 
structures. As is mentioned in Remark 12.111 this fact makes the treatment of the nongeneric 
case more involved and we leave this case in another occasion. 



5 Cubic Surface and the 27 Lines 

In this section, following the construction in [16j, we shall realize the moduli space 7^t(a) of 
monodromy representations as an afiine cubic surface S{9) and describe the braid group action 
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on TZt{a) explicitly in terms of S{6). Moreover we discuss some materials from the geometry of 
a cubic surface, including the 27 lines on it, as a preliminary to the later sections. 
Given 6 = (^i, 6*2, 6*3, 6*4) G 6 := Cg, we consider an afiine cubic surface 

S{9) = {x= ixi,X2,X3) e Cl : fix, 9) = 0}, 
where the cubic polynomial /(x, 6) of x with parameter 6 is given by 

f{x, 6) = X1X2X3 + xl + xl + xl — 61X1 — 62X2 — 6*3X3 + 6*4. 
Then there exists an isomorphism of afiine algebraic surfaces, TZt{0') -^ <S{0), p ^~^ x, where 

Xi = Tip{CjCk), for {i,j,k} = {1,2,3}, 

together with a correspondence of parameters, A —>■ Q, a \-^ 9, given by 

. aitti + ttjak {{i,j,k} = {1,2,3}), 

01020304 + o^ + 02 + o| + 04 — 4 (i = 4). 



With this identification, the Riemann-Hilbert correspondence (j22|l is reformulated as a map 

RHi(fi:) : A<i(fi;) ^5(0), with ^ = rh(fi;), (26) 

where rh : /C — i> 9 is the composition of the maps fC ^ A and A ^ 6 defined by (^^ and (123), 
and is referred to as the Riemann-Hilbert correspondence in the parameter level. Through the 
reformulated Riemann-Hilbert correspondence (jSHI), the i-th basic half-Poincare map /3i* in (PT|) 
is conjugated to a map gi : S{9) -^ <S{9'), (x, 9) 1— > (x', 9'), defined by 

9i ■ {x'i, x'j, x'fc, 9[, 9j, 9'f,, 9'^) = {9j - Xj - XkXi, Xi, Xk, 9j, 9i, 9k, 9^), (27) 

where {i,j,k) is a cyclic permutation of (1,2,3). A derivation of this formula can be found 
in [20] (see also jHl 13 US dl EB])- The map pTjl is strictly conjugate to the map (f2T| . since 
()2(i|l is biholomorphic by Theorem 14.11 We can easily check the relations Qigjgi = QjgiQj and 
9k = gigidi^i which are just parallel to those for the braids /3j, jSj, Pk- 

Remark 5.1 The afiine cubic surface S{9) admits a natural complex area form 

dxi A dx2 A dx3 

the Poincare residue for the surface S{9). The transformations Qi are area-preserving with 
respect to uj{9). It is known [121 11111201 that the standard area form ujt{n) on the moduh space 
A4t{i^) in Remark |3. 41 is the pull-back oi uj{9) by the Riemann-Hilbert correspondence ()2fjj) . 

In order to utilize standard techniques from algebraic geometry and complex geometry, we 
need to compactify the afiine cubic surface S{9) by a standard embedding 

S{9) ^ S{9) C P^ X = (xi, X2, X3) H-> [1 : xi : X2 : X3], 

where the compactified surface S{9) is defined hj S{9) = {X Ef^ : F{X, ^) = } with 

F{X, 9) = X1X2X3 + X,{Xl + Xl + Xl) - Xl{9^X^ + ^2X2 + ^3X3) + 9,Xl. 
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Figure 7: Tritangent lines at infinity on S{6) 

It is obtained from tlie affine surface S{6) by adding tfiree lines at infinity, 

Li = {XGP=^ : Xo = X, = 0} (z = 1,2,3). (29) 

The union L = Li U L2 U L3 is called the tritangent lines at infinity and the intersection point 
of Lj and L^ is denoted by pi as in Figure [7| Note that 

pi = [0 : 1 : : 0], p2 = [0 : : 1 : 0], p^ = [0 : : : 1]. 

For i G {1, 2, 3} we put f/j = { X G P^ : Xj 7^ } and take inhomogeneous coordinates of P^ 

as 

u = {uo,Uj,Uk) = {Xo/Xi,Xj/Xi,Xk/Xi) on Ui, 

V = {vo,Vi,Vk) = {Xo/Xj,Xi/Xj,Xk/Xj) on Uj, (30) 

w = {wo,Wi,Wj) = {Xo/Xk,Xi/Xk,Xj/Xk) on Uk, 

where {i, j, k} = {1, 2, 3}. In terms of these coordinates we shall find local coordinates and local 
equations of S{9) around L. Since L (Z UiU U2U U3, we can divide L into three components 
L nUi, i = 1, 2, 3, and make a further decomposition 

LnUi = {pi} U (Lj - {pi.,pk}) U (Lk - {pi,Pj}) i{t,J,k} = {1,2,3}) 

into a total of nine pieces. Then a careful inspection of equation F{X, 6) = implies that 
around those pieces we can take local coordinates and local equations as in Table El where 
Om{uj,Uk) = 0{{\uj\ + \uk\)"^) denotes a small term of order m as {uj,Uk) — > (0,0). 

Lemma 5.2 As to the smoothness of the surface S{6), the following hold. 

(1) For any ^ G 0, the surface S{6) is smooth in a neighborhood of L. 

(2) If 6 = Th{K,) with K G /C, the surface S{6) is smooth everywhere if and only if k, G /C— Wall. 
Proof. In terms of the inhomogeneous coordinates u in (jHU)) , we have 

s{e) nUi^{u = {uo, uj, Uk) G c^ : fi{u, e) = o}, 
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coordinates 


valid around 


local equation 


{Uj,Uk) 


Pi 


Mo = 


-{ujUk){l - {u) + OiUjUk + ul) + OsK', Uk)] 


{Uo,Uk) 


Lj-{pi,Pk} 


Uj = 


-{uk + lluk)uo + {Ok + ei/uk)ul + Oiul) 


{Uo,Uj) 


Lk-{Pi,Pj} 


Uk = 


-{uj + l/uj)uo + {9j + 6i/uj)ul + 0{ul) 


(Vi, Vk) 


Pj 


Vo = 


-{ViVk){l - (vf + OjViVk + vl) + 03(m„ Vk)} 


(vo, Vi) 


Lk- {Pi^Pj} 


Vk = 


-{v, + 1/m,)mo + {d, + d^/v,)vl + 0{vl) 


(vo, Vk) 


Li-{pj,pk} 


Vi = 


-{vk + l/vk)vo + {Ok + ej/vk)vl + 0(Mg) 


{Wi,Wj) 


Pk 


Wo = 


-{wiWj){l - {wf + 6kWiWj + m;|) + 03(M;i, m7j)} 


{Wo,Wj) 


Li-{pj,pk} 


Wi = 


-(m7, + 1/m;,-)wo + (^i + Ok/wj)w^o + 0(m;-]) 


{wo,Wi) 


Lj-{pi,Pk} 


Wj = 


-(m;, + l/wi)wo + (9, + 9k/w,)wl + OiwI) 



Table 2: Local coordinates and local equations of S{6) 

where the defining equation fi{u, 9) is given by 

/i(M, 9) = UjUk + Mo(l + u'^j + ul) - ul{9i + 9jUj + 9kUk) + 9iul. 
The partial derivatives of fi = fi{u, 9) with respect to m = (mq, Uj, Uk) are calculated as 



duo 

dfi_ 

dfi_ 
duk 



[I + MJ + ui) - 2uo{9, + 9jUj + 9kUk) + W^ul 



Uk + 2uoUj — 9jul 



Uj + 2uoUk - 9kul. 



Restricted to the set L nUi = {Lj fl Ui) U {Lk fl Ui), these derivatives become 
dfi , , 2 9fi dfi 



duo 
duo 



1 + m2 



fe' 



1+M 



duj 
duj 



Uk, 

0, 



duk 
duk 



0, 



M 



'J' 



on Lj n f/j, 
on Lfc n Ui. 



Hence the exterior derivative dufi does not vanish on L fl f/j, and the implicit function theorem 
implies that S{9) is smooth in a neighborhood of L. This proves assertion (1). In order to 
show assertion (2) we recall that the affine surface S{9) is smooth if and only if ^ = ih.{K) with 
K G /C — Wall (see [16 ). Then assertion (2) readily follows from assertion (1). D 
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L. = F: 



3 — -^36 




Li = F, 



14 



L2 = F25 ^1 G4 ^4 Gi F23 F56 F26 F35 

Figure 8: The 27 lines on iS(^) viewed from the tritangent plane at infinity 

Now let us review some basic facts about smooth cubic surfaces in P^ (see e.g. fl]). It 
is well known that every smooth cubic surface S in F^ can be obtained by blowing up P^ at 
six points Pi, ... , Pq, no three colinear and not all six on a conic, and embedding the blow-up 
surface into F^ by the proper transform of the linear system of cubics passing through the six 
points Pi, . . . ,Pq. It is also well known that there are exactly 27 lines on the smooth cubic 
surface S, each of which has self-intersection number —1. Explicitly, they are given by 



Ga 



1,...,6), 



Ea (a = l,...,6); F^b (1 < a < 6 < 6); 

(1) Ea is the exceptional curve over the point Pa, 

(2) Fab is the strict transform of the line in P^ through the two points Pa and P^, 

(3) Ga is the strict transform of the conic in P^ through the five points Pi, . . . , Pa, ■ ■ ■ , Pq- 

Here the index a should not be confused with the local monodromy data a ^ A. All the 
intersection relations among the 27 lines with nonzero intersection numbers are listed as 



{Ea, Ea) - 


= {Ga, Ga) = {Fab, Fab) = 


-1 


(Va,6), 






{Ea, Fbc) = {Ga, Fbc) = 


1 


{ae{b,c}). 






{Ea, Gb) = 


1 


{a + b), 






{Fab, Fed) = 


1 


{{a,b}n{c,d}-- 


= 0)- 



Moreover there are exactly 45 tritangent planes that cut out a triplet of lines on S. In our 
case S = S{6), the plane at infinity { X G P^ : Xq = } is an instance of tritangent plane, 
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1 


Li{bi,b4;bj,bk) 


L,{l/bi,l/b^;b„bk) 


2 


Li{bj,bk]biM) 


U{i/b,Mbk-MM) 


3 


Li{l/bi,b4;bj,bk) 


L,{b„l/b,;b„bk) 


4 


L,{l/bj,bk]bi,bi) 


L,{bj,l/bk;bi,b4) 



Table 3: Eight lines intersecting the line Lj at infinity, divided into four pairs 



which cuts out the lines in ()29|). The arrangement of the 27 lines viewed from the tritangent 
plane at infinity is shown in Figure |H1 and the lines at infinity are given by 



Li 



'14, 



25, 



36- 



(31) 



Each line at infinity is intersected by exactly eight lines and this fact enables us to divide the 27 
lines into three groups of nine lines labeled by lines at infinity. Caution: only the intersection 
relations among the lines of the same group are indicated and no other intersection relations 
are depicted in Figure |H1 

If Eq is the strict transform of a line in P^ not passing through Pi, . . . ,Pq relative to the 
6-point blow-up S ^ F'^, then the second co homology group of S* = S{9) is expressed as 



H\S{9), Z) = ZEo © ZEi © ZE2 © ZE3 © ZE4 © ZE5 © ZEq 



(32) 



where a divisor is identified with the cohomology class it represents. It is a Lorentzian lattice 
of rank 7 with intersection numbers 



1 (a = 6 = 0), 

{Ea,E,) = { -1 (a = MO), 

(otherwise). 

In terms of the basis in (j32|l the fines Fab and Ga are represented as 

Fab = Eq — Ea — Eb, Ga = 2Eo — {Ei + ■ \- Ea + 



(33) 



+ E. 



(34) 



We shall describe the 27 lines on our cubic surface S{6) under the condition that S{6) is 
smooth, namely, 6 = Th{K,) with k G /C — Wall. To this end we introduce new parameters 
b = (61, 62, &3, ^4) G -B := (C^)^ in such a manner that b is expressed as 




1,2,3), 
4), 



as a function of k G /C. Then the Riemann scheme in Tabled implies that 6j is an eigenvalue of 
the monodromy matrix p{Gi) around the point tj and formula (PHj) implies that Oj = 6j + b~^. 
Here parameters b & B should not be confused with the index b above. In terms of the 
parameters b E B, the discriminant A{6) of the cubic surfaces S{6) factors as 



ee{±l}4 



(35) 



1=1 
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where b'^ = bl^b2'^bl^bl* for each quadruple sign e = (61,62,63,64^) G {il}"^- Formula (J35|l clearly 
shows for which parameters b E B the cubic surface S{6) is smooth or singular. 

Assume that S{6) is smooth, namely, A{6) 7^ 0. Then, as is mentioned earlier, for each 
index i G {1, 2, 3} with {i,j, k} = {1, 2, 3}, there are exactly eight lines on S{9) intersecting Lj, 
but not intersecting the remaining two lines at infinity, Lj and L^. They are just {Ei, Gj+s}, 
{Ei+3,Gi}, {Fjk,Fj+3^k+3}, {-Fj,fc+3, -^j+3,fc} as in Figure |H1 where two lines from the same pair 
intersect, but ones from different pairs are disjoint. In terms of the parameters 6 G -B introduced 
above, those eight lines are given as in Table El where Li{bi, 64; bj, bk) stands for the line in P^ 
defined by the system of linear equations 

Xi = {bA + br%')Xo, X, + {bA)Xk = {k{bk + &, ') + b^ih + b-^)}X^. (36) 

6 Dynamical System on Cubic Surface 

The affine cubic surface S{6) is a (2, 2, 2)-surface, that is, its defining equation /(x, 6*) = is a 
quadratic equation in each variable Xi, i = 1,2, 3. Therefore the line through a point x G S{9) 
parallel to the Xj-axis passes through a unique second point x' G S{6) (see Figure 01) • This 
defines an involution o"j : S{d) —>■ S{6), x ^-H► x', which is explicitly given by 

ai-. {x[,x'j,x'y) = {6i- Xi- XjXk,Xj,Xk), (z = 1,2,3). (37) 

It is easy to see that the involution ctj preserves the Poincare residue uj{0) in (J2HI)- 

The automorphism ai of the affine surface S{9) extends to a birational map of the projective 
surface S{9), which will also be denoted by ctj. In terms of the homogeneous coordinates X of 
P^, the birational map ctj : X 1— >■ X' is expressed as 



[Xq : X^ : X • : X^] — [Xq : diX^ — XqXj — X^X^ : X^Xj : XqX, 



k\ 



Let G = (o"i, o"2, (T3) be the group of birational transformations on S{6) generated by the 
involutions 0"i, a2, crs- It will turn out that G is a universal Coxeter group of rank three 
with generators cxi, o"2, as (see Theorem I7.7|l . We are interested in the dynamics of the G- 
action on S{6). Usually the dynamics of a group action is more involved than that of a single 
transformation; more techniques and tools have been developed for the latter rather than for 
the former. So in this article we pick up each individual transformation from the group G and 
study its dynamics, leaving the interaction of plural transformations in another occasion. 

In order to study the dynamics of any element a G G, we begin with investigating the basic 
elements a^, i = 1,2,3, especially their behaviors in a neighborhood of the tritangent lines L 
at infinity. To this end let us introduce the following three points 

gi = [0 : : 1 : 1], q^ = [0 : I : : I], ^3 = [0 : 1 : 1 : 0], 

where g^ may be thought of as the "mid-point" oi pj and pk on the line Lj. 

Lemma 6.1 The birational map (Ti has the following properties {see Figure [77^ . 

(1) ai blows down the line Li to the point Pi, 

(2) ai restricts to the automorphism of Lj that fixes Qj and exchanges Pi andpk, 
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Figure 9: Involutions of a (2, 2, 2)-surface 




Figure 10: The birational map ai restricted to L 

(3) ai restricts to the automorphism of Lk that fixes qk and exchanges pi andpj, 

(4) Pi is the unique indeterminacy point of ai, 

Proof. In order to investigate ai, we use the inhomogeneous coordinates of P^ in ()3()j) and local 
coordinates and local equations of S{6) in Table |21 with target coordinates being dashed. 
In terms of the inhomogeneous coordinates v and u' of P'^, the map ai : v ^—>- u' is given by 



Un 



Bivl - voVi - Vk ■ 



u. 



vo 



OiVl - VoVi - Vk 



Ui 



VoVk 



OiVl - VoVi - Vk 



(38) 



In a neighborhood of Lj — {pj,Pk} in S{9), using Vi = 0{vo), we observe that 

OiVQ - VoVi -Vk = -Vk{l + 0{vl)}, 
which is substituted into (jHE)) to yield 



u. 



vo 



vo 



Vk{l + O{v^o)} ^k 



{l + 0{vl)}, 



Ui 



VoVk 



Vk{l + 0{vl)} 



-vo{l + 0{vl)}. 



In particular putting f o = leads to m' = m'^ = 0. This means that a^ maps a neighborhood of 
Li — {pj,Pk} to a neighborhood of p,, collapsing Li — {pj,Pk} to the single point Pi. 
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In a similar manner, in a neighborhood of pj in S{6) we observe that 

^^0 = -{ViVk){l + 02{Vi, Vk)}, Oivl - VoVi -Vk = -Vk{l + 02{Vi, Vk)}, 

which are substituted into (^Hjl to yield 

u'j = Vi{l + 02{Vi, Vk)}, Mfc = {ViVk){l + 02{Vi, Vk)}. 

In particular putting Vi = leads to u'j = u'j^ = 0. This means that ai maps a neighborhood of 
Pj to a neighborhood of p,, collapsing a neighborhood in Li oi pj to the single point pi. Using 
{w,u') in place of {v,u'), we can argue similarly in a neighborhood oi pk- Therefore (Tj blows 
down Li to the point Pi, which proves assertion (1). Moreover it is clear from the argument 
that there is no indeterminacy point on the line Lj. 

In terms of the inhomogeneous coordinates u and u' of P^ the map ai : u ^-^ u' is given by 

< = 7r^ ' -'. = 7r^^^ < = 7r^-^ • (39) 

diUQ - Mo - UjUk ViUQ -Uq- UjUk BiU^Q -Uq- UjUk 

In a neighborhood of Lj — {pi,Pk} in 15(6*), using Uj = —{uk + \/uk)uQ + 0(mq), we have 

Oiul - Mo - UjUk = Uo{ul + 0{uo)}, 
which is substituted into (jH^ to yield 

' ^0 ^0 , ^/ 2n / Uk ^ , nt \ 

Uq = -^ -— = ^r + 0[Uq), Uf. = -^ -— = h 0{Uo). 

° Ul + Oiuo) Ul °^' uI + 0{uq) Uk 

In particular putting Mo = leads to Mq = and u'^ = l/uk- This means that cij restricts to an 
automorphism of a neighborhood of Lj — {pi,Pk} in S{6) which induces a unique automorphism 
of Li fixing Qj and exchanging pi and pk- This proves assertion (2) and also shows that there is 
no indeterminacy point on Lj — {pi,pk}. Assertion (3) and the nonexistence of indeterminacy 
point on Lk — {Pi,Pj} are established just in the same manner. 

From the above argument we have already known that there is no indeterminacy point 
other than pi. Then the point Pi is actually an indeterminacy point, because (Tj is an involution 
blowing down L, to Pi and hence blows up Pi to Lj reciprocally. This proves assertion (4). □ 

Later we will need some information about how the involution cXj transforms a line to another 
curve, which is stated in the following lemma. 

Lemma 6.2 For any {i,j, k} = {1, 2, 3}, the involution ai satisfies the following properties: 

(1) Cii{Ei) intersects Ei at two points counted with multiplicity. Similarly, crj(i?i+3) intersects 
Ei^3 at two points counted with multiplicity. 

(2) ai{Ei) intersects Ei^^ at one point counted with multiplicity. Similarly, ai{Ei^^) intersects 
Ei at one point counted with multiplicity. 

(3) (jj exchanges the lines Ej andGj+3; Ej^^ andGj; Ek andGk+3; Ek+z andGk, respectively. 
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Proof. By Table El we may put Et = Li{bi,b4;bj,bk) and i^j+s = Liibj.bk^hi.b^). Assertion (1) 
of Lemma f(i. II implies that (Ji{Ei) does not intersect Ei nor -Ej+a at any point at infinity. So we 
can work with the inhomogeneous coordinates x = {xi, X2, x^). By (p?H|) the line Ei is given by 

Xi = bibi + [bib^y^ , Xj + [bibijXk = Okh + ajbi- (40) 

In a similar manner, by exchanging (6,, 64) and {bj, bk) in (jHfJj) . the line -Ej+s is given by 

a;j = bjbk + {bjbkY^, ^j + ipjbk)xk = a^bj + Oibk. (41) 

Moreover, by applying formula (jTTj) to (jlOl), the curve ai{Ei) is expressed as 

9i- Xi- XjXk = bibi + ibib^y'^, Xj + [bibijxk = Okh + Ojb^. (42) 

Note that the second equations of pn|l and ()42|1 are the same. 

In order to find out the intersection of ai{Ei) with Ei, let us couple (jlOl) and (jl^ together. 
Eliminating Xi and Xj we obtain a quadratic equation for Xfc, 

{hfiijxl - {okh + ajbi)xk + 0,- 2{bibi + (6^64)"^} = 0. 

For a simple root of this equation we have a simple intersection point of CTi{Ei) with Ei and for 
a double root we have an intersection point of multiplicity two. This proves assertion (1) for 
the pair ai{Ei) and E^. The assertion (1) for crj(£'j+3) and -Ej+3 is proved in a similar manner. 
Next, in order to find out the intersection of ai{Ei) with -Ei+3, let us couple (HTjl and (f^ . 
From the first equation of (PT|) the Xj-coordinate is already fixed. The second equations of (PT|) 
and ()42|) are coupled to yield a linear system for Xj and x^, whose determinant 

6j6fc - bibi = bibi{b:r^bjbkby - 1) 

is nonzero by the assumption that S{6) is smooth, that is, the discriminant ^{0) in (jHS)) is 
nonzero. Then the linear system is uniquely solved to determine Xj and Xk- Now we can check 
that the first equation of ()42|1 is redundant, that is, automatically satisfied. Therefore o'i{Ei) 
and -Ej+s has a simple intersection, which implies assertion (2) for the pair cri{Ei) and -Ej+3. 
The assertion (2) for crj(E'j+3) and Ei is proved in a similar manner. 

Finally we see that (Ji exchanges Ej and 6*^+3. We may put Ej = Lj{bj,b4;bk,bi) and 
Gj+3 = Lj{l/bj, 1/64; bk, bi). By formula (|nB|) (with indices suitably permuted), these lines are 
given by 



Xj 



Xj 



bjbi + {bjbi) \ Xk + {bjbi)xi = Oibj + Okb^, (43) 

bjbi + {bjb^y'^, Xk + {bjbiY^Xi = Oib'^ + Okb^. (44) 

Using formula ()37|1 we can check that equations ()43j) and P^ are transformed to each other 
by ai. This together with similar argument for the other lines establishes assertion (3). □ 

7 Cohomological Action 

A general theory of the dynamical system for a bimeromorphic map of a surface is developed in 
[Zj. The basic strategy employed there is to consider the induced action of the map on the (1, 1)- 
cohomology group, taking into account the influence of its exceptional set and indeterminacy 
set. In this section we shall use this technique in our context. 
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Let 5 be a compact complex surface, / : S* O a bimeromorphic map. Then / is represented 
by a compact complex surface F, called the desingularized graph of /, together with proper 
modifications ni : F —^ S and 1x2 '■ F ^ S such that f = ^2 o vrjf ^ on a dense open subset. For 
i = 1,2, let Si^Tii) := {x E F : ^ n^^ {jTi^x)) = 00 } be the exceptional set for the projection 
TTj. The images S{f) := vri(£^(7r2)) and /(/) := 7Ti{S{7ii)) are called the exceptional set and the 
indeterminacy set of / respectively. Between these sets there is a useful relation 

f{S{f))=I{r'). (45) 

If S* = S{6) and / = cxj, then Lemma f6. II readily leads to the following lemma. 

Lemma 7.1 For each i G {1,2,3}, we have S{ai) = Li, ai{£{ai)) = {pi} and /(o"j) = {pi}- 

Given any element a E G other than the unit element, we can write 

a = a^,ai^---ai„, (46) 

for some n G N and some n-tuple of indices («i, . . . ,in) € {1, 2, 3}" such that every neighboring 
indices i^ and i^+i are distinct. It is not yet clear at this stage whether the expression (PUJ) is 
unique or not, though the uniqueness will be established later (see Theorem 17. 7|) . In any case, 
we begin with the determination of the exceptional set and the indeterminacy set of a. 

Lemma 7.2 For the expression i \4(^ we have 

n 

8{a) =[_}U^, a{£{a)) = fej, I{a) = fej. (47) 

u=l 

Proof. Let us prove the first formula of (J4?j) by induction on the length n. For n = 1 the 
assertion immediately follows from Lemma 17.11 Assume that the assertion holds when the 
length is ra — 1 and consider the element a' = ai^ ■ ■ ■ ai^ of length ra — 1. Since pi-^ and pi^ are 
distinct, we have /(ctjJ fl a\£{a')) = {pij} fl {pial = ^ ^^^ hence ^(cr') C <^(cr). Therefore, 



U^.. C^(a)cU^.., (4J 



i/=2 u=l 



where the first inclusion follows from the induction hypothesis and the second inclusion is easily 
seen from Lemma f6. II If ii G {i2, ■ ■ ■ , in}, then the leftmost and rightmost sets in PH|) are the 
same and hence all the three coincide. If ii ^ {22, • • • , in}, then Lemma lUTTl implies that a' maps 
Ljj isomorphically onto itself and then 0",^ blows down Lj^ to the single point pi^ . This means 
that Li-^ C S{a) and hence the second inclusion in pH|l becomes equality. Thus the assertion is 
verified for length n and the induction is complete. 

The second formula in (jTrf) is also proved by induction on the length n. For n = 1 the 
assertion immediately follows from Lemma 17.11 Assume that the assertion holds when the 
length is n — 1. Then we have a'{S{o-')) = {pi^} by induction hypothesis and hence a{£{(7)) = 
ai^{S{aiJ U a'{S{a'))) = ai^{Li^ U fej) = CTi^{LiJ = fej, since pi^ G Li^. This shows that 
the assertion is verified for length n and hence the induction is complete. 

Next we prove the last formula of (jTTjl . Instead of a we consider its inverse a~^. Since 
a^^ = ai^- ■ ■ ai^ai^, the second formula of (jTTJ) yields a^^{£{(7^^)) = {pi,^}- Then applying 
formula ()45|) to / = a^^, we have /(cr) = {pi„}. Thus the lemma is established. □ 
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Table 4: Matrix representations of a\, (j\, a\, c* : H'^{S{9),Z) O, where c = aicr2cr3 

If S* is a Kahler surface, two natural actions of /, pull-back and push-forward, on the 
Dolbeault cohomology group H^'^{S) are defined in the following manner: A smooth (1,1)- 
form uj on S can be pulled back as a smooth (1, l)-form tTju; on F and then pushed forward 
as a (1, l)-current 7ri*7r2ti; on 5*. Hence we define the pull-back f*Lj := 7ri^,7r2ti; and also the 
push-forward /^.o; = {f~^)*uj := 7r2*7rju;. The operators /* and /* commute with the exterior 
differential d and the complex structure of S and so descend to linear actions on H^'^{S). For 
general bimeromorphic maps / and g, the composition rule (/ o g)* = g* o f* is not necessarily 
true. However a useful criterion under which this rule becomes true is given in [2j. 

Lemma 7.3 ///(/) n /(^(t?)) = 0, then (/ o g)* = g* o f* : H^'\S) O. 
We shall apply this lemma to our biratinal transformation a in 



Lemma 7.4 For the expression l^^ we have a* = a*^ ■ ■ ■ ol^a*^ : H^'^{S{9)) O- 

Proof. We prove the lemma by induction on the length n. It is trivial when n = 1. Assume 
that the lemma holds when the length is n — 1. If we put a' = ai^- ■ -cTin, then the induction 
hypothesis implies that (a')* = a*^ ■ ■ -a*^. Lemma W7]\ shows that /(ctjJ fl (y\£{a')) = {pij^} fl 
{pij} = 0, since Pi-^ and Pi^ are distinct. We now apply Lemma I77S1 to / = di-^ and g = a' to 
obtain a* = (a,,, a')* = (a'Yal = a* ■ ■ ■ ata*, . Thus the lemma is true for length n. □ 



■^i^^n- 



By Lemma 17.41 the calculation of the action a* : H^'^{S{6)) O is reduced to that of the 
actions cr^, cxg, (Jg : H^'^{S{6)) O, which is now set forth. Since the cubic surface S{6) is 
rational, we have H^'^{S{9)) = H'^{S{9),C), where the latter group is described in (jHSj)- 

Lemma 7.5 The linear operators al, a2, o'^ '■ H'^{S{9),'L) O have matrix representations as 
in Table^with respect to the basis in fl,V^ . 
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Proof. First we shall find the matrix representation of a^. If C,ab denotes the (a, 6)-th entry of 
the matrix to be found, where < a, 6 < 6, then (|H!^ implies that 



^1-^6 = 2^ ^"■'^ ^"- ^ Z^ ^a{<^*Eb, Ea) Ea, 



a=0 a=0 

where we put 5^ = 1 for a = and 5a = —1 for a 7^ 0. Now we claim that 

The first formula in ()49|1 is obvious and the second formula is derived as follows: 

(ab = SaicrlEb, Ea) = 5a{Eb, a^Ea) = 6a{Eb, C^lEa) = (SaSb) " (5fe((7*Ea, Eb) = i6aSb)^ba, 



(49) 



-1\ 



0-T 



where in the third equality we have used the fact that ai is an involution; cti* = (a^ 

By assertions (1) and (2) of Lemma IfT^ we have {alEi, Ei) = 2 and {a^Ei, E4) = 1 and likewise 

(a^Ei, Ei) = 2 and {a^Ei, Ei) = 1. Then the first formula of ^ yields 



^11 — ^44 — —2, ^14 — ^41 — —1. 

The assertion (3) of Lemma lfi.2l together with the second formula of (|!M|l yields 

alE2 = 2Eo — El — E2 — E^ — E4 — Eq, 

a^Es = 2Eo — El — E2 — E^ — E4 — E^, 

o'l-E's = 2Eo — El — E3 — E4 — E^ — Eq, 

, o'IEq = 2Eo — El — E2 — E4 — E5 — Eq, 

It follows from (jSUj) and (j^Tj) that the matrix representation for a^ takes the form 



(50) 



(51) 



/* 



0-1 



• 2 
-2 -1 

• -1 

• -1 



2 
-1 
-1 
-1 



V 



-1 -1 
-1 
-1 



2 2 \ 

-1 -1 

-1 

-1 

-1 -1 

-1 -1 

-1 -1/ 



(52) 



where the entries denoted by • and * are yet to be determined. The entries denoted by • are 
easily determined by the second formula in ()49|) . The final ingredient taken into account is the 
fact that 0"! blows down Li = Eq ~ Ei — E4 to the point pi (see Lemma [6.1 1) . which leads to 

a*iEo - a*iEi - a^E^ = 0. 

This means that the 0-th column is the sum of the first and fourth columns in the matrix ()52|) . 
Using the second formula in ()49|) repeatedly, we see that ()52|) becomes the first matrix of Table 
m The matrix representations of a2 and a^ are obtained just in the same manner. □ 

In order to make Lemma f7.5l more transparent, we consider the direct sum decomposition 



H\S{9),C) = V®V' 



(53) 
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where V is the subspace spanned by the hnes Li, L2, L^ at infinity and V-^ is the orthogonal 
complement to it with respect to the intersection form. In view of (IHlj) and (JBII), we have 

Li = Eq — El — E4, L2 = Eo — E2 — E^, L3 = Eq ~ E3 — Eq. 

On the other hand, it is easily seen that the subspace V^ is spanned by the vectors 

2Eq — El — E2 — E^ — E4 — E^ — Eq, El — E4, E2 — -E5, E^ — Eq. 

A little calculation in terms of the new basis shows that Lemma f7. 51 can be restated as follows. 

Lemma 7.6 The linear operators a^, o^, o\ : H'^{S{6),'Z) O preserve the subspaces V and 
V-^. They act on these subspaces in the following manner. 

(1) The operators a^, a2, (Xg restricted to V are represented by the matrices 

/O 1 1\ /I 0\ /I 

Si = 1 , S2= \1 1], S3 = 1 I , (54) 






respectively, with respect to the basis Li, L2, L3. 

(2) The operators al, o\, a\ act on V^ as the negative of identity —1. 

It should be noted that each matrix in (jMj) has eigenvalues 0, 1, 1, counted with multiplicities, 
and in particular has vanishing determinant. 

Theorem 7.7 The group G = {o'i,a2,(J3) is a universal Coxeter group of rank three over the 
basic involutions ai, 02, o^, that is, there are no relations other than cr^ = cr^ = cr| = 1. In 
particular the expression ( |^6D is unique for any given element a E G. 

Proof. Assume the contrary that there exists a nontrivial relation o"jiO"j2 • ■ ■ ctj^ = 1 in G such 
that each neighboring indices ii, and 2,^+1 are distinct. Then it follows from Lemma 17.41 that 
^L ' ' ' '^h'^h = 1* = 1 as a linear endomorphism on H^{S{9), C). But this is impossible because 
each factor a*^ has vanishing determinant. This contradiction establishes the theorem. □ 

Remark 7.8 Recall that we have introduced the universal Coxeter group G of rank three 
abstractly in §21 Theorem 17.71 yields a concrete realization of it as a group of birational trans- 
formations on the cubic surface S{6). Hereafter the former group will be identified with the 
latter. In this context the 3-dimensional abstract linear space V for the geometric representa- 
tion GR : G -^ Osiy) in ^is realized as the subspace of H'^{S{9),C) spanned by the lines 
at infinity Li, L2, L3. Here we should put ci = Li, 62 = L2, 63 = L3 in accordance with the 
notation in ^ The symmetric bilinear form B in (fTT|) is now given by the negative of the 
intersection form on H'^{S{9), C) restricted to the subspace V. The basic reflections in (fT^ are 
then represented by the matrices 




1 





2 


-1 2 





1 



ri= \ u i U , ra = 2 -i 2 , r^ 
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It is easy to see that the hnear operators si, S2, S3 in ()T3|l have matrix representations as in 
fjMjl and hence correspond to the operators a^, o\, 0% restricted to V . So the trace q;(7) in (|T^ 
can be calculated practically by using the matrix representations ()54|1 . 

Next we shall calculate the characteristic polynomial of the linear map a* : H'^{S{6), C) O. 
In general the characteristic polynomial of a linear endomorphism A is denoted by 

P{X;A) = det{XI-A). 

For the reduced expression (J46|l of the element a, we put s^ '■= Si^ ■ ■ ■ Si^Si^ and define 

a{a):=TT[s^:V ^V]. (55) 



Lemma 7.9 The map a* preserves the direct sum decomposition (15,'^ and hence factors as 
a* = (o"*|y) © (cr*|v±). The characteristic polynomial of the first component a*\v is given by 

oM *, ^ / A{A2-«(a)A + (-ir-i} {^f^l=^n), 

P(X:a*\v) = < (56) 

1 A{A2-a(a)A + (-!)"} (zfti^tn). 

The second component a* \y± is just a scalar operator (—1)" having the characteristic polynomial 

PiX;a*\y.) = {\-{-ir}\ 

Proof. By Lemma 17^ we have a* = a*^ ■ ■ ■ o'*^cr*_^ ■ Hence the map a* preserves the decomposition 
(jHSl)) because each factor a*^ does so by Lemma 17.61 Thus there are factorizations a* = 
(cr*|y) © {(r*\Y±) and P(A; a*) = P(A; a*\v)P{\; o"*|v'-l). The second component a*\v± is found 

c^1y- = Kly-)---«|y-) = (-!)"• 

since each factor a*^ restricted to V-^ is the scalar operator —1 by assertion (2) of Lemma 17^ 
It remains to consider the first component a*\v, which is represented by the three- by-three 
matrix s^. = Si„ ■ ■ ■ Si^Si-^. The argument will be based on the general fact that the characteristic 
polynomial of a three-by-three matrix A is given by 

P{X;A) = A^ - {TtA)X^ + (Trl)A - detA, (57) 

where A is the adjugate matrix of A, namely, the matrix A such that AA = AA = (detA)/. Let 
us apply this formula to A = s„. First we have Tr(so-) = a{a) by definition (j^ . Secondly we 
have det(so-) = 0, since each factor ai^ has vanishing determinant. Finally we wish to calculate 
the trace Tr(S(j). The general formula AB = BA for the product of adjugate matrices yields 
Sa = Si^Si^ ■ ■ ■ Si„- Now it follows from (jMj) that 



i 



— i 



— i 
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-1 












5i = , S2 = -1 1 -1 , h= \ 0. (5 
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-1 


1 



27 



Note that among the three rows of the matrix Si, only the i-th row does not vanish. Thus the 
only row of §„ that can be nonzero is the ii-th row, so that the trace Tr(so-) is just given by 
the {ii, zi)-th entry of §„. Now the latter quantity is calculated as 



[^il)iii2\^i2) 



*2«3 V'-^*n-l7«ri-l«n 



where (5i)jj denotes the {i,j)-th entry of the matrix Sj. It follows from (jKH|) that {si)ij is +1 or 
— 1 according as the indices i and j are equal or not. Since i^, and v+i are distinct for every 
u G {1, . . . ,n — 1}, we have Tr(so-) = (—1)""^ or Tt{s„) = (—1)" according as z„ and ii are 
equal or not. Putting all these considerations into (J57jl yields formula (f56|l . □ 



8 Ergodic Properties 

We continue to study the dynamical properties of each individual transformation a G G. The 
main concern in this section is the investigation into the ergodic properties of this map, where 
the notions of dynamical degree, entropy and invariant measure play important roles. It is a 
good application of the fundamental methods and techniques in bimeromorphic (or birational) 
surface dynamics, recently developed by 13 El CDl • Since they are not so familiar in the circle 
of Painleve equations, we shall develop our discussion upon reviewing some rudiments of them. 
We begin with the concept of first dynamical degree [Zj . Given a bimeromorphic map / of 
a compact Kahler surface S, its Grst dynamical degree Ai(/) is defined by 



Ai(/):= hm ||(n*|^/^ 



N 



where || ■ || is an operator norm on End if ^'^(5*). It is known that the limit certainly exists, 
independent of the norm || ■ || chosen, Ai(/) > 1, and Ai(/) is invariant under bimeromorphic 
conjugation. It is usually difficult to evaluate this quantity in a simple mean. However there is 
a distinguished class of maps whose first dynamical degree can be equated to a more tractable 
quantity. A bimeromorphic map / : S* O is said to be analytically stable (AS for short) if the 
condition (/")* = (/*)" : H^'\S) O holds for every neN. Evidently, if / is AS then 

Ai(/) = SR(r), (59) 

where SR(/*) is the spectral radius of the linear endomorphism /* : H^'^{S) O- It is known 
that any bimeromorphic map is bimeromorphically conjugate to an AS map. It is also known 
that a bimeromorphic map / is AS if and only if 

U /-^/(/) n U r/(/-^) = 0. (60) 

iV>0 N>0 

This condition may be viewed as a separation between the obstructions to forward and backward 
dynamics. Back to our context, it is natural to ask when a given element a G G is AS. 

Lemma 8.1 An element a & G is AS if and only if the initial index ii and the terminal index 
in are distinct in the reduced expression ( |^6j ) of a. 
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Proof. If a is AS then it follows from condition (J60|) that I{a) fl I{a^^) = 0. On the other 
hand, Lemma 17^ implies that /(a) = {pi„} and /(cr~^) = {pii}- Hence the points pi-^ and pi^ 
must be distinct, that is, the indices ii and in must be distinct. Conversely, assuming that the 
indices zi and z„ are distinct, we shall show that for every A^ > 0, 



a 



-N 



n^) = {P^J, a^/(a-i) = teJ. (61) 



It suffices to verify the first formula of (pT|) . since the second formula is obtained from the 
first one by replacing a with a~^. Since I{a) = {pi„} by Lemma l7.2[ we have only to show 
that cr^^{pi„) = Pi„, namely, that the indeterminacy point pi^ of cr is a fixed point of a^^ = 
^iu ■ ■ ■C"j2'^ji- By Lemma Em if two indices i and j are distinct, then the point pi lies on the 
line Lj and hence is sent to pj by the map aj. Using this fact repeatedly, we see that 

Pin ' *■ Pil ' ^ Pi2 ' *■ ' ' ' ' ^ Pin-1 ' *■ P«n5 

because every neighboring indices are distinct. Now it follows from formula (jF)T|) that a satisfies 
condition (jUUj) and hence is AS as desired. □ 

Definition 8.2 We introduce two simple examples of AS transformations in G. 

(1) An AS element cr G G is said to be eleraentaiy ii a = (aiaj)"^ for some {i,j, k} = {1, 2, 3} 
and m eN; otherwise, a is said to be non-elementary. 

(2) An element cr G G is called a Coxeter element if cr = (ji(jj(Jk for some {«, j, k} = {1, 2, 3}. 

We may assume without loss of generality that a is AS, since if a is not AS then it can 
be replaced with its conjugate a' := r^^ar = (yi,^^^ ■ ■ ■ (yi^_^ which is AS, where r = a^^ ■ ■ ■ o"j^ 
with 1/ being the index such that ii = in, ^2 = in-i, ■ ■ ■ , iu = in-u+i but i^^i ^ in-u- Under 
this assumption we can apply formula (j3^ to conclude that the first dynamical degree of a is 
equal to the spectral radius of the linear map a* : H'^{S{6), C) O. On the other hand. Lemma 
17.91 implies that the eigenvalues of cr* are 0, (—1)" and the roots of the quadratic equation 

X^ -a{a)\ + {-!)'' = 0, (62) 

so that the spectral radius of a* is the largest absolute value of the roots of equation (|U^. This 
observation leads us to investigate the value distribution of a{a). 

Lemma 8.3 Assume that a E G is AS. Then a{a) is an even positive integer. Moreover, 

(1) a{a) = 2 if and only if a is elementary in the sense of Definition AS. ^ 

(2) a{a) = 4: if and only if a is a Coxeter element, 

(3) a{a) = Q if and only if <j = aiOjakUj or a = aja^ajak for some {i,j, k} = {1, 2, 3}. 

Proof Let a = o-i^ai^ " " " <7i„ be the reduced expression of a as in pHjl . For u = 1, . . . , n, we 
put Ai, := Si^ ■ ■ ■ Si^Si^ and denote its (2,j)-th entry by {Ay)ij. By definition (f^ we have 
a{a) = Tt An. We may assume that ii = 1, since the other cases can be treated in a similar 
manner. In this case, if we put M^, := min{ {A^)ij : i = 1,2,3, j = 2,3 }, then 

M,+i>M, (z/ = l,...,n-l). (63) 
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Moreover, if the index j,^+i is defined by {ju+i} = {1, 2, 3} — {i^, iu+i}, then 

Tr A,+i = TtA, + 2{A,),^^,,i^^, (u = 1, . . . ,n - 1). (64) 

Indeed it is easy to see from formula (jM|) that when ii = 1, the matrix A^, takes the form 



a'^u «i3 



,0 a^,. 



where a^-, i = 1,2, 3, j = 2, 3, are nonnegative integers, and A^+i = Si^^^^A^ is given by 




'^23 + '^33 
'''33 



aX 



ar2 a^s 



^.+1 = a5'2 + a^2 «r3 + «33 (if ^^+1 = 2), 



''32 '^33 



ar 



''12 "13 

^u+l = |0 a^2 ^23 I (if 2^+1 =3). 

^0 a5'2 + a^2 ar3 + «23, 

Inequahty (jUHj) readily follows from these observations and formula ()64|) is verified by a case- 
by-case check. Indeed, if ij, = 1 and i^+i = 2, then j^^^i = 3 and a'(2 = ^22 + '^32 ^^ ^^^^ 

TrA^+l = 05^2 + ^32 + a^3 = (^22 + ^32) + ^32 + ^33 = ^22 + ^33 + 2032 = Tt A^ + 2(A^)j-^^^,,^^, . 

li iu = 2 and i„+i = 1, then j^j^^i = 3 and {At,)j^^-^^i^^^ = so that 

TrA^+i = a22 + 033 = TiAy = Ti A^ + 2{Ay)j^^^^i^^^. 

The remaining cases can be treated in similar manners. Note that ()(i4|l yields an inequality 
Tf^i/+i > TrAi,, since (Av)i^+i,v+i is nonnegative. A repeated use of formula (jMjl shows that 
a((j) = Tr A„ is an even integer not smaller than 2, because TrAi = Trsi = 2. 

Next we observe that a{a) = 2 if a = (ctjCTj)"^ for any {i, j,k} = {1, 2, 3} and m G N. Indeed, 
since we are assuming that ii = 1, we have only to check the two cases where An = (S2S1)'" 
and An = (S3S1)™ with ?7i G N. In either case we have a{a) = Tr A„ = 2 because 

is2Sir = 

From now on we assume that a is not of the form {aiCTj)^ for any {i,j, k} = {1, 2, 3} and 
771 G N. Then the length n must be not less than 3 and there exists an index u such that 
{iiy,ii^+i,i^+2} = {1,2,3}. Here we may assume without loss of generality that 1^ = 1, since 
the quantity a{a) is invariant under any cyclic permutation of the indices {ii, . . . ,in), provided 
that a is an AS element. Since moreover we are assuming that ii = 1, we have 



^3 = S3S2S1 =012, or A3 = S2S3S1 =0 3 2 . (65) 



1 


2m -1\ 




r 


2m -1 1 


1 


2m 


{s3s,r = 





1 





1 / 




\o 


2m 1 
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If n = 3 we have a = aia2<J3 or a = cricr3(T2. Then formula (J65|l yields a{a) = Tt A^ = A in 
either case. If n = 4 we have a = cria20"3cr2 or cr = (71(73(72(73. Since 



^4 = S2S3S2S1 =034, or A4 = S3S2S3S1 =0 3 2 , (66) 





we have a{a) = Tr A4 = 6 in either case. Finally we assume that n>5. Then ^4 is either 
or A4 = siSjSkSi for some {j, k} = {2, 3}. In the latter case we must have A^ = SjSiSjSkSi or 
^5 = SkSiSjSkSi. Here we can eliminate the last term si by taking a cyclic permutation of the 
indices {ii, . . . ,in) and obtain A4 = SjSiSjSk or ^4 = SkSiSjSk- By relabeling the indices, the 
matrix A4 can be reduced to the form (pTF)|) . So we have only to consider the former case ()66|1 . 
Since a is assumed to be AS, the index in is different from ii = 1 so that {An-i)j„,i„ > M„_i 
by the definition of Mj,. Then it follows from ()63p and ()64j) that a{a) = Tt An is estimated as 

a{a) = TiAn-i + 2(A„_i)j„,»„ > Tr A„_i + 2M„_i > Tr A4 + 2M4 = 6 + 2 x 1 = 8. 

Putting all these arguments together we establish the lemma. □ 

Lemma 8.4 If a E G is AS then the first dynamical degree of a is given by 

Ai(a) = ^ {aia) + ^^(a)^ + 4(-l)"+i} , (67) 

where n = ^g(c") is the length of the element a. Moreover, 

(1) if (J is elementary then Ai(cr) = 1, 

(2) if a is a Coxeter element then Ai(o") = 2 + v5, 

(3) if o = aiOjOkO'j or o = ajaiaja^ for some {i,j, k} = {1, 2, 3}, then Ai(cr) = 3 + 2\^, 

(4) otherwise, we have Ai((7) > 4 + vTS. 

Proof. Since 0^(0") > 2 by Lemma [8.3^ the quadratic equation (jH^ has the real roots 

A±(^) = ^ {«(^) ± v/«(a)2 + 4(-l)-+i} , (68) 

where A+(cr) > 1 and |A_((7)| = A+((7)^^ < 1. Therefore the root A+((7) gives the spectral radius 
SR((7*) of (7* and hence the first dynamical degree Ai((7) of a by formula (j^HI)- Assertions (1), 
(2), (3) can be checked directly by using Lemma 18.31 Finally we shall show assertion (4). In 
this case, since a{a) > 8 by Lemma IHTS} formula (jUTj) implies that 

Ai((7) > - |a(a) + v/«(a)2-4} > 2 (s + V82 - 4) = 4 + v^. 

Hence the lemma is proved. □ 

We proceed to the construction of a natural (7-invariant measure for an AS element a E G. 
Again let us start with the general situation where / : 5 O is an AS bimeromorphic map on a 
compact Kahler surface S. If Ai(/) = 1 then either / is a dynamically trivial automorphism 
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or / preserves a rational or elliptic fibration and exhibits an essentially l-dimensional dynamic 
jTj. In our case where f = a and S = S{9), the condition Xi{cr) = 1 means that a is elementary 
by Lemma [8.41 If so, the existence of a cr-invariant rational fibration on S{6) can be seen easily 
(see Remark 1 10.3|) . So we are not interested in the case Ai(/) = 1 and assume hereafter that 

Ai(/) > 1. (69) 

In this case it is known jTj that there are positive closed (1, l)-currents /x^ on S such that 

(/±l)V = Al(/)/x^ 

where /i"*" and fi~ are called the stable and unstable currents for /. A natural strategy to obtain 
an /-invariant measure ;Li on 5" is to take the wedge product 

fi = fi^Afi^. (70) 

However the main issue here is whether the operation of wedge product is feasible or not. 
If the stable and unstable currents are expressed as /x^ = ddf'g'^ in terms of local potentials 
g"^, then the wedge product ()70|) may be interpreted as the complex Mo nge- Ampere operator 
ddf^g^ A dd^g~ . In order for this operation to be well-defined, a quantitative condition 

oo 

5^Ai(/)-^logdist(r/(r^),/(/)) > -oo, (71) 

is introduced in |2^, where dist is the distance on S induced from a Riemannian metric on it. 
This condition is slightly stronger than ()60|) and a map enjoying this condition might be called 
quantitatively AS. Under these settings the following theorem is established in |2]. 

Theorem 8.5 If f : S O satisfies conditions ()6'^ and l\71l , then the wedge product /x of the 
stable and unstable currents fi"^ in l\7(J^ is well defined and, after a suitable renormalization, n 
gives an f -invariant Borel probability measure such that all the conditions in DeRnition \l.l\ are 
satisfied. Moreover the measure fi puts no mass on any algebraic curve on S . 

Applying this theorem to our situation, we obtain the following theorem. 

Theorem 8.6 For any non- elementary AS map a & G there exists the wedge product fi„ = 
fi^ A fi^ of the stable and unstable currents /i^ for a and, after a suitable renormalization, /io- 
gives a a -invariant Borel probability measure such that all the conditions in Definition \l.l\ are 
satisfied. Moreover the measure fi^ puts no mass on any algebraic curve on S{6). 

Proof. It is enough to check that any non-elementary AS map a & G satisfies conditions ()69p 
and (f7T|) . Lemma IH^ implies that Ai(cr) > 1 if and only if a is non-elementary, so that condition 
flU^ is satisfied. In order to check condition (f7T|) let a = ctjj ■ ■ ■ cxj^ be the reduced expression of 
a. Since a is assumed to be AS, the indices ii and in are distinct and hence dist(pi^,pj„) > 0. 
On the other hand, by formula (jEH), we have I (a) = {pi„} and a'^I{(j^^) = {pij} independently 
of A^ > 0. Therefore we have 

oo oo 

^Ai(a)-^logdist(a^/(a-i),/(a)) = log dist(p.„p.J ^ Ai(a)-^ 

N=0 N=0 

Xi{a) log dist{pi,, Pi J 
Ai(o-) -1 

which shows that condition ()7H) is satisfied. The theorem then follows from Theorem 18.51 □ 
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Remark 8.7 Under the setting of Theorem 18 .51 it is shown in 2^ that the Lyapunov exponents 
L±{f) of / with respect to the ergodic measure /i satisfy the estimate 

M/) < -i^ < < !^ < M/). 

which apphes to the mapping a : S{9) O in Theorem IH.fJI On the other hand, we have 
L_{a) = — L_|_((t) since a is area-preserving with respect to the Poincare residue uj{6) in ()28|). 
It follows from the above estimate that L+{a) > |logAi((7). 

Finally we shall calculate the entropy of a non-elementary AS map a G G. For a birational 
map / : S* O of a projective surface 5* and an /-invariant Borel probability measure /i on S, 
there are two concepts of entropies: one is the measure-theoretic entropy h^{f) with respect 
to the invariant measure /x and the other is the topological entropy /itop(/)- In general these 
quantities and the first dynamical degree Ai(/) are related as 

/^M(/)<^top(/)<logAi(/), (72) 

where the first inequality is the so-called variational principle and the second inequality is a 
consequence of a main result of [H]. Moreover, if / satisfies conditions (jU^ and (fTTjl and if /i 
is the invariant measure mentioned in Theorem 18 .S^ then it is proved in ^^ that the leftmost 
and rightmost terms in ()72|1 are equal and consequently all the three terms in ()72|1 coincide. 
Applying this triple coincidence to our situation we obtain the following theorem. 

Theorem 8.8 For any non- elementary AS map a E G, we have 

V(^) = ^top(cr) = logAi(o-). (73) 

where fi„ is the a -invariant probability measure mentioned in Theorem \8. 61 The value of l\7!^ 
is not smaller than log(2 -|- v5) with equality if and only if a is a Coxeter element. 

Proof. The proof is already finished in the above argument. The assertion that ()73j) takes its 
minimum precisely when a is a Coxeter element follows from Lemma f8. 41 D 



Remark 8.9 Theorems 18.61 and 18.81 are results for an element a E G viewed as a birational 
map of the projective surface S{9). However, since the invariant measure ^^ put no mass 
on any algebraic curve on S{9), the lines L = Li U L2 U L3 at infinity can be neglected as 
far as the ergodic properties of a : 15(6*) O relative to the measure [i^ are concerned. So 
Theorems 18.61 and 18.81 lead to results for the biregular map a' := CT\s{e) of the affine surface 
S{9) = S{6) — L. Namely /io- can be restricted without losing any mass to an a'-invariant Borel 
probability measure fi^' on S{6) such that the conditions in Definition 11.11 are satisfied, and one 
has an equality /i^^, (cr') = logAi(cr). Here we do not refer to htop{<y'), because the concept of 
topological entropy, usually defined on a compact space, is not very clear on the affine surface 
S{6). In what follows a' and fi^' will be written a and /lo- for the simplicity of notation. 

9 Number of Periodic Points 

Given any non-elementary AS element a G G, we are interested in the number of periodic 
points of the birational map a : S{6) O. For each positive integer A^ G N we shall consider the 
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set of all periodic points of period A^ on the projective cubic surface S{6), 

P^N{a; e):={Xe S{e) - /((T^) : a^(X) =X}, 

as well as the corresponding set on the afiine cubic surface S{6), 

FeiNicr; 6) := {x e 3(6) : a^{x) = x}. 

Our tasks are then to count the cardinality of Per at (a; 6) and to relate it with the cardinality 
of Per7v(cr;^). The first task is based on the Lefschetz fixed point formula, while the second 
one is by a careful inspection of the behavior of the map a around the lines L = Li U L2 U L3 
at infinity. In order to apply the Lefschetz fixed point formula, we need the following lemma. 

Lemma 9.1 Assume that a E G is AS and non- elementary. Then for any iV G N, the bira- 
tional map a : S{6) O admits no curves of periodic points of period N. 

Proof. The lemma is proved by contradiction. Assume that a admits a curve (an effective 
divisor) D C S{6) of periodic points of some period A^. Since a^ fixes D pointwise, we have 
{a^)*D = D in H'^(S{9),Z). Moreover, since a is assumed to be AS, we have (a*)^ = (a^)* 
and hence {a*)^D = D, which means that {a*)'^ has an eigenvalue 1 with an eigenvector D. 
On the other hand, by Lemma FTOl there is a direct sum decomposition a* = (o"*|y) © (cr*|v-L) 
with H^{S{9),Z,) = V" © V-^ as in (jH!^ such that a*\v has the eigenvalues and A±(cr) as in 
fl(i8|l . while cr*|y± is the scalar operator (—1)" on V^, where n = ici^') is the length of a. By 
Lemma lOl we have A_|_((t) = Ai(cr) > 1 and |A_(o")| = Ai(cr)~-'^ < 1, since a is assumed to be 
non-elementary. Therefore the eigenvector D of a* must belong to the subspace V-^ and its 
eigenvalue 1 must arise as the A^-th power of the scalar operator (—1)" = cr*|y±, where the 
integer uN must be even. Since Li, L2, L^ E V and D G V-^, we have 

{D,Li) = {D,L2) = {D,L3) = 0. (74) 

We now write D = D' + irtiLi + m2i^2 + ^^3-^3, where D' is either empty or an effective divisor 
not containing Li, L2, L^ as an irreducible component of it and ttii, 7712, m^ are nonnegative 
integers. Since (Lj, L^) = — 1 for z = j and (Lj, Lj) = 1 for i ^ j, formula (fTij) yields 

= (£)',Li) - mi +m2 + m3, 
= (/}', L2) + mi - m2 + ms, 
= (£>', L3) + mi + m2 - ms. 



= 


(A^i) 


= 


(^,^2) 


= 


(^,^3) 



which sum up to 



{D\ Li) + (D', L2) + {D', L3) + mi + m2 + ms = 0. (75) 



Since none of the lines Li, L2, L3 is an irreducible component of D' , the intersection number 
{D',Li) must be nonnegative for every i = 1,2,3. Since the numbers mi, m2, ms are also 
nonnegative, formula ()75p implies that {D',Li) = {D',L2) = {D'jL^) = and mi = m2 = 
m^ = 0. Hence D = D' and {D, Li) = {D, L2) = (-D, -L3) = 0. It follows that D is an effective 
divisor such that {D, Li) = and Lj is not an irreducible component of D for every i = 1,2, 3. 
This means that the compact curve D does not intersect L = Li U L2 U L3 and hence must lie 
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in the affine cubic surface S{6) = S{6) — L. However no compact curve can lie in any affine 
variety. By this contradiction the lemma is established. □ 

Now we shall apply the Lefschetz fixed point formula to the iterates of a non-elementary 
AS element a e G. For each N e Z let Tn C S{e) x 5(9) be the graph of the A^-th iterate 
a^ : S{e) O, and Z\ C S{9) x 6(9) be the diagonal. Note tha^r^ = F^j^, where T^^ is the 
refiection of r_N^ around the diagonal A. Moreover let In C S{9) denote the indeterminacy 
set of a^ . Then the Lefschetz fixed point formula consists of two equations concerning the 
intersection number (/at, A) of the cycles F^ and A in S{9) x S{9), 

4 

{rN,A) = J2{-iyTT[{a''y:H\S{9),Z)0], (76) 

g=0 

(r^,z\) = #p^;v(a;^) + 5^/i((p,p),r^nz\), (77) 

pG/jv 

where fi{{p,p),rN fl A) denotes the multiphcity of intersection between Fn and A at {p,p). 
Lemma f9. II assures that all terms involved in (fTBj) and ()77|) are well defined and finite. 



Lemma 9.2 Let n = icier) be the length of a. Then formula ( |76D becomes 

{Fn, A) = \,iaf + (-l)"^Ai(a)-^ + 4(-l)"^ + 2. 
Proof We put T^ = Tr [{cr^)* : H'^{S{9),Ij) O]. Because S{9) is a smooth rational surface, 

Z (g = 0,4), 



^ ^ ^' ^ 10 (g = l,3). 

Trivially we have T^ = 1 and T^ = T^ = 0. Since a and so a^ are birational, we have T^ = 1. 
Since the map a is assumed to be AS, we have (cr^)* = (cr*)^ : H'^{S{9),Z) O- By Lemmas 
17.91 and l8.4[ a* has three simple eigenvalues 0, A+(cr) = Ai((t), A_(cr) = (— l)"Ai(cr)^^ and a 
quadruple eigenvalue (-1)". Thus we have T^, = 0^ + Ai(a)^ + (-l)"^Ai(a)-^ + 4(-l)"^. 
Substituting these data into (|76|) yields the assertion of the lemma. □ 

Lemma 9.3 Formula ( |77D becomes 

(Fn, Z\) = # PiF^(a; 0) + 1 = # Per^(a; 0) + 2. 

Proof Let a = aj^ • ■ • (Tj^ be the reduced expression of a. Since a is assumed to be AS, for 
any N E N the reduced expression of a'^ is given by a^ = ai^ ■ ■ ■ ai^- ■ ■ ai^- ■ ■ ai^ (A^-times). 
Moreover, since a is assumed to be non-elementary, the indices {zi,...,i„} range the entire 
index set {1, 2, 3}. By Lemma (7.21 the exceptional set of a^ is given by 

n 

£:(0 = |Jl,^ = LiUL2UL3 = l, 

whose (T^-image is <J^{L) = a^{£{a^)) = {pi^}. This means that Pi-^ is the unique fixed 
point of the map a^ on the lines L at infinity. Lemma 17.21 also implies that Pi^ is the unique 
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Figure 11: The indeterminacy point pi^ of a is a superattracting fixed point of a 
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indeterminacy point of o"^. Therefore we have PerAr((T; 9) = FeiN^a; 6) U {pi^} and In = {Pi„}, 
which imphes that formula ()77|1 is rewritten as 



{Fn^A) = #Per^(a;0)+/i(fe„,Rj,r^nZ\), 



(78) 



where z/(pj^,o"^) is the local index of the map a^ around the fixed point pi^. If j and k are 
defined by {i,k} = {1,2,3} — {?i}, then Lj and L^ are linearly independent lines passing 
through the point Pi^. These two lines are mapped onto the single point Pi-^ by a^ since 
cr^(L) = {pii}. This implies that pi-^ is a superattracting fixed point of a^ , namely, 

z/(p,,, a^) = det(/ - (rfa^)p,J = det(/ - O) = 1. 

Likewise pi^ is a superattracting fixed point of cr~^ = {cr~^)^ where a^^ = ai„ ■ ■ ■ (Ji^ is the 
reduced expression of a~^ (see Figure HT}, so that the same reasoning as above with a replaced 
by a^^ yields v{pi^,a~^) = 1. Therefore we have 

/^(fen,Pi„),^7vnz\) = fi{{pi^,pij,r^^nA) = fi{{pi„,pij,r_NnA) = iy{pi„,a'^) = i. 

These arguments imply that ()78p is equivalent to the assertion of the lemma. □ 

Putting Lemmas 19.21 and 19.31 together, we have established the following theorem. 

Theorem 9.4 Let a E G be any non- elementary AS map with length n = ici'^)- For any 
N e'N the cardinalities of periodic points of period N are finite and explicitly given by 



(79) 



#Per;v(^;^) = Ai(a)^ + (-l)"^Ai(a)-^ + 4(-l)"^ + l, 
#Per^(a;^) = Ai(a)^ + (-1)"^Ai((t)-^ + 4(-l)-^. 

The numbers grow exponentially as the period N tends to infinity, with the growth rate Ai(o"). 
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10 Back to Painleve VI 

Back to the space of initial conditions for Pvi(k) through the Riemann-Hilbert correspondence, 
we are now able to deduce the dynamical properties of the Poincare return map for Pvi(k) 
from the already established properties of the dynamical system on the affine cubic surface 
S{6). This deduction is based on the following lemma. 

Lemma 10.1 Assume that k G /C — Wall. Given any loop 7 G vri(Z, z), let a G ^(2) he the 
corresponding element via the isomorphism (0). Then the Poincare return map 7* : Mz{k) O 
along the loop 7 is strictly conjugated to the biregular map a : S{6) O via the Riemann-Hilbert 
correspondence ()i^6|) and the commutative diagram ()i6|) . 

Proof. By Theorem 14.11 the Riemann-Hilbert correspondence ()2(j|l is biholomorphic under the 
assumption that k G /C — Wall. Hence, for i = 1,2,3, the half-Poincare map (3i^ in 1)211] is 
strictly conjugate to the transformation gi in (j2Zj). Being squared, Pf^ is strictly conjugate to 
gf. On the other hand, using formulas ^I7\i and ()37|) . one can easily check that 

g^ = aiai+i, (80) 

where the index should be considered modulo 3. Furthermore, in view of formula ((201); ^^^ 
Poincare return map 7j* : Mz{k) O is strictly conjugate to f3f^ : A4t{K) O via the commutative 
diagram ()18)1 . Then the lemma is established by combining all these observations. □ 

The above conjugacy principle stands on the isomorphism of groups tti{Z, z) —>■ G{2) in 0, 
where the abstract group G{2) in ^ is identified with its concrete realization as a group of 
birational maps on S{6) (see Remark 17. 8|) . In order to utilize the results on cubic surface, we 
need to establish certain relations between the above two groups, e.g., between the minimality 
of a loop in 7ri(Z, z) and the analytic stability of an element in G(2), etc. 

Lemma 10.2 Let o G ^(2) he the image of a loop 7 G 7ri(Z, z) under the isomorphism (0)- 

(1) 7/7 is minimal in the sense of Definition \2.(A then a is AS. 

(2) If moreover J is non- elementary in the sense of DeMnition I i . ^ then o is non- elementary 
in the sense of Definition\ 



Proof Let ((Zj) and (jHl) be the reduced expressions of 7 and a respectively, where n = 2m. 
Assume the contrary that a is not AS, namely, that ii = in. The argument is separated into 
two cases: Case 1 where ^2 = "^n-i and Case 2 where ^2 7^ "in-i- If we define a' and r by 



a' : = 


\ o-JsO-i^ ■ ■ 


■ (^in-2 


r : = 


j 0'JlO"J2 


(Case 1) 




1 0-i„_iCri2 


■ ■ ■ ^i„-2 




1 o-nO-i„-i 


(Case 2) 



then one has a = tct't ^ and the length of a' is given by 

ra-4 = 2(m-2) (Case 1), 



n-2 = 2(m-l) (Case 2). 
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Let 7', 6 e vri(Z, z) be the loops corresponding to a', r G G{2). Then 7 = 57'^ ""^ and 

{m — 2 (Case 1), 

m — 1 (Case 2). 

In either case 7' is conjugate to 7 and the length of 7' is smaller than that of 7. This contradicts 
the minimality of 7 and hence a must be AS, which proves assertion (1). Assertion (2) easily 
follows from Definitions 11.21 and 18.21 and the translation rule ()1()|1 . D 

We are now in a position to establish our main results, Theorems 12. H 12.21 and 12. 8| together 
with the related statements in R.emarks 12 . 91 and 12 . 1 ( H Let 7 G 7ri{Z,z) be any non-elementary 
loop and a G ^(2) be the corresponding element under the isomorphism ^. As mentioned in 
Remark l2.5t we may assume without loss of generality that 7 is minimal. By Lemma flO. 21 the 
birational map a : S{6) O is AS and non-elementary, so that Theorems 18.61 IH^ and 1^^ can be 
applied to the map a. Then the concluding arguments of this article proceed as follows. 

Proof of Theorem EH and (1) of Theorem l2.8l Let fi^ be the cr-invariant Borel probability 
measure stated in Theorem I8.fil As is mentioned in Remark 18. 9| the measure /i^ can be 
restricted to the afiine cubic surface S{6) without losing any mass and any ergodic properties. 
The resulting measure on S{9) is also denoted by fi^. We pull it back to the space M^(k) of 
initial conditions via the Riemann-Hilbert correspondence. Let //^ be the resulting measure 
on Mz{n). It is now clear from Theorems 18. (Jl and 18.81 that the measure fi-y satisfies all the 
requirements in Theorem 12. II and in assertion (1) of Theorem 12.81 Here note that formula (jHTj) 
leads to (fTHjl . since the length n = icier) of a G G(2) is an even integer. □ 

Proof of Theorem 12.21 and (2) of Theorem 12.81 We have defined in (jH)) the set PerAr(7; n) 
of periodic points of period A^ for the Poincare return map 7^,. By Lemma flU. II the Riemann- 
Hilbert correspondence (j^ maps PerAr(7; n) bijectively onto Perjv(o"; 9) and hence 

#Per;v(7;«^) = #Per^(^;^)- 

Then Theorem 12 . 21 and assertion (2) of Theorem 12. 81 are an immediate consequence of the above 
equality and Theorem 19. 4| where we note that n = icic) is even in the formula ()79|) . □ 

Remark 10.3 Detailed explanations of Remarks 12.91 and 12. 101 are in order at this stage. 

(1) The first half of Remark 12.91 follows from Lemma 18.41 Indeed one has Ai(cr) > 3 + 2\^ 
for every even non-elementary map a G G(2). Here one has the equality if and only if 
(7 = aiCjakCTj or 0" = aja-iajak for some {i, j, k} = {1, 2, 3}. As is easily seen, this occurs 
precisely when a comes from an eight-loop in Example 12.31 through the isomorphism (jH}. 
For example, if {i,j, k) = (1, 2, 3) then a = criO"20"3cr2 comes from the eight-loop 7i7^^. 

(2) An inspection of formula ()27|1 shows that the transformation gf = 0"j0"j+i in ()8()|1 preserves 
the fibration 15(6*) — >• C, x = {xi,X2,X3) 1— >• Xk, where {i,j, k) is the cyclic permutation of 
(1,2,3). Pull it back to the space Mz{k) via the Riemann-Hilbert correspondence. Then 
the resulting fibration Mz{k) — i> C is preserved by the Poincare return map 7^,. : Mz{k) O 
along the i-th basic loop 7j. This explains the second half of Remark] 



(3) As is mentioned in Remark l5.H the Riemann-Hilbert correspondence is an area-preserving 
biholomorphism between {Mz{k,),uj{k,)) and {S{6),uj{6)) which intertwines the invariant 
measures /i^ and fi^j. Therefore Remark 12. 101 readilv follows from Remark 18.71 
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(4) In connection with Example 12.31 we give the relation between Pochhammer loops in 
7Ti{Z,z) and Coxeter elements in G. For any cyclic permutation {i,j,k) of (1,2,3), the 
Pochhammer loop p = [7i,77^] corresponds to the square c^ of the Coxeter element 
c = aiajak via the isomorphism (jHl). Hence one has X{p) = Ai(c^) = Ai(c)^ = (2 + v^)^ = 
9 + 4:^/E, which yields the formula in (2) of Example 12 .31 

In this article we have observed that the geometry of cubic surfaces and dynamical systems 
on them play important parts in understanding an aspect of the global structure of the sixth 
Painleve equation. Their relevance to other aspects will be discussed elsewhere (e.g. PT]). 

Acknowledgment. The authors are grateful to Yutaka Ishii and Yasuhiko Yamada for their 
comments on an earlier version [22] of this article, which were quite helpful in revising the 
manuscript up to the present version. 
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